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Abstract: LetM be a compact Riemannian manifold not containing any totally
geodesic surface. Our main result shows that then the area of any complete surface
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by a multiple of the integral of the squared norm of its second fundamental form.
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1 Introduction
Let M be a compact differentiable manifold (without boundary) of dimension n ≥ 3, with a
smooth Riemannian metric g¯. For a smooth immersion f : F → M of a (two-dimensional)
surface F into M we consider its (extrinsic) curvature energy
(1.1) E(f) =
1
2
∫
F
|A|2 dvol2.
Here vol2 = vol
f
2 is the measure associated to the Riemannian metric g = f
∗g¯ induced on F ,
A is the normal-valued second fundamental form of f , and |A| denotes the euclidean norm
of the tensor field A.
Clearly, E(f) ≥ 0 with equality if and only if f is a totally geodesic immersion. By the Gauß
equation we have
(1.2)
1
2
|A|2 = |A◦|2 +Kg −Kfg¯ =
1
2
| ~H |2 +Kfg¯ −Kg,
where Kg is the Gaussian curvature of g, and K
f
g¯ denotes the sectional curvature of g¯ on the
tangent planes of f . The second fundamental form is decomposed as A = A◦+ 12 g⊗ ~H, where
A◦ is trace-free and ~H = trace(A) is the mean curvature vector of f . If f is an immersion
of a closed surface F into euclidean En, the functional E(f) reduces essentially to twice the
Willmore energy, more precisely by Gauß-Bonnet
(1.3) E(f) =
∫
F
|A◦|2 dvol2 + 2πχ(F ) = 1
2
∫
F
| ~H|2 dvol2 − 2πχ(F ).
1
Given a sequence λi > 0 with limi→∞ λi = ∞, we define immersions fi of F into the flat
torus M = En/Zn by projecting the dilatations λif down to M . The scale invariance of E
implies that E(fi) = E(f) < ∞ for all i ∈ N, while the surface areas volfi2 (F ) go to infinity.
Our main result says that this behavior is rather special. Here, an immersion f : F → M is
said to be complete if the Riemannian metric f∗g¯ is complete.
Theorem 1.1 (Area bound) Let (M, g¯) be a compact Riemannian manifold of dimension
n ≥ 3. Assume that (M, g¯) does not admit any complete, totally geodesic surface immersions.
Then there is a constant C = C(M, g¯) <∞ such that volf2 (F ) ≤ C E(f) for every complete,
immersed surface f : F →M .
For a generic metric g¯ on M there are no totally geodesic submanifolds of dimension
1 < k < dimM at all in (M, g¯). This was proved recently by Murphy & Wilhelm [19] for
n ≥ 4, for n = 3 there is a sketch by Bryant [4].
Following Langer [14] one has uniform local graph representations by the Sobolev embedding
theorem, if one replaces the L2-bound on the second fundamental form by an Lp-bound for
some p > 2, see also Breuning [3]. However this fails in the limiting case; for p = 2 Simon
[22] showed a multilayer graph representation up to an exceptional set with certain diameter
bounds, assuming also an area bound. A surprising estimate for conformal parametrizations
was found by He´lein [10] and independently Mu¨ller & Sˇvera´k [18], motivated by previous
work of Toro [23].
Corollary 1.2 Under the assumptions of Theorem 1.1 there exists a constant c = c(M, g¯) >
0 such that E(f) ≥ c for every compact, immersed surface f : F →M .
If we relax the condition on (M, g¯) in Theorem 1.1 by allowing totally geodesic immersions
of S2, we obtain the following slightly weaker consequence.
Theorem 1.3 Let (M, g¯) be a compact Riemannian manifold of dimension n ≥ 3. Assume
that (M, g¯) does not admit any complete, totally geodesic immersions of connected surfaces
other than S2 or RP 2. Then, for every constant D, there exists a constant C = C(M, g¯,D)
such that E(f) < D implies volf2(F ) < C for every complete, connected, immersed surface
f : F →M .
From Theorem 1.3 and the main result of [18] we obtain the following
Corollary 1.4 Under the assumptions of Theorem 1.3 let f : F →M be a complete immer-
sion of a connected, noncompact surface F into M . Then E(f) =∞.
Our work is partly motivated by the joint paper [13] of Mondino, Schygulla and the second
author. For a compact, three-dimensional Riemannian manifold (M, g¯), they consider the
problem of minimizing E(f) in the class [S2,M ] of immersions f : S2 → M . They prove
existence under the two assumptions:
E(f) < 4π for some f ∈ [S2,M ],(1.4)
For some minimizing sequence fi ∈ [S2,M ] the surface areas(1.5)
volfi2 (S
2) remain bounded.
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The approach in [13] follows L. Simon [22]. In recent work by Guodong Wei [24] the result is
reproved employing results from [18, 10, 12, 17] on conformal parametrizations. Combining
the result from [13] with Theorem 1.3 we obtain
Corollary 1.5 Let (M, g¯) be a three-dimensional, compact Riemannian manifold that admits
no complete, totally geodesic immersions of connected surfaces other than S2 or RP 2. If (1.4)
is satisfied, there exists f ∈ [S2,M ] minimizing E on [S2,M ].
Condition (1.4) holds if Scalg¯(x) > 0 for some x ∈M . Condition (1.5) is an easy consequence
of the Gauß equations when (M, g¯) has positive sectional curvature. In particular, [13] proves
the existence of a minimizer in [S2,M ], if M is compact and has positive sectional curvature.
We recover this result, since, by the Bonnet-Myers and the Gauß-Bonnet theorems, a
complete, connected, totally geodesic immersed surface in a compact manifold of positive
sectional curvature is of type S2 or RP 2.
Now we outline the proofs of Theorems 1.1 and 1.3, and of Corollaries 1.2 and 1.4. In
particular, we show how they follow from the results stated in Sections 10 and 11. The
proof of Theorem 1.1 is by contradiction, i. e. we consider a sequence of complete surface
immersions fi : Fi →M with E(fi) <∞ such that the mean values
〈|Ai|2〉 = 2E(fi)
volfi2 (Fi)
=
∫
Fi
|Ai|2 dvoli2
volfi2 (Fi)
of the squared norms of the second fundamental forms Ai of fi converge to zero. Note that
we do not exclude voli2(Fi) = ∞ for some or all i ∈ N. Now, the main theme of the paper
is to investigate convergence properties of such a sequence fi. Loosely speaking we prove
that a subsequence of the fi converges compactly to a complete, immersed, totally geodesic
surface f : N → M . More precisely, we prove that, for this subsequence, there exist pi ∈ Fi
and p ∈ N with limi→∞ fi(p) = f(p) such that the following holds for the closed, intrinsic
metric balls B(pi, R) ⊆ Fi and B(p,R) ⊆ N . For every R > 0 the sequence fi(B(pi, R)) of
compact subsets of M converges to f(B(p,R)) with respect to Hausdorff distance. This is
proved in Theorems 10.3 and 10.5.
To prove Theorem 1.3 by contradiction we may additionally assume that the surfaces Fi are
connected and that limi→∞ vol
fi
2 (Fi) = ∞. We have to show that N is not homeomorphic
to S2 or to RP 2, where f : N → M is the totally geodesic immersion found in the proof of
Theorem 1.1. This is achieved by a variant of G. Reeb’s local stability theorem from the
theory of foliations, see Theorem 11.5.
To derive Corollary 1.2 from Theorem 1.1 we assume that there exists a sequence of
immersions fi : Fi → M of compact surfaces Fi such that limE(fi) = 0. Then Theorem
1.1 implies that lim volfi2 (Fi) = 0. Now we embed M isometrically into some euclidean
space EN by j : M → EN , and consider the immersions f¯i = j ◦ fi : Fi → EN . Since the
second fundamental form of j : M → EN is bounded, the conditions limE(fi) = 0 and
lim volfi2 (Fi) = 0 imply that limE(f¯i) = 0. This contradicts well-known positive lower
estimates for the curvature energies of compact surface immersions into a euclidean space,
see Chern & Lashof [6], or Willmore [25] and Li&Yau [15], §5, Theorem 6.
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To prove Corollary 1.4 we consider a complete immersion f : F →M of a connected surface
F , and assume that E(f) < ∞. Then Theorem 1.3 implies that volf2 (F ) < ∞. As in the
proof of Corollary 1.2 we embed M isometrically into some EN by j :M → EN , and consider
f¯ = j ◦ f . Now E(f) < ∞ and volf2(F ) < ∞ imply that f¯ : F → EN has finite curvature
energy. So the main result of [18] implies that the map f¯ is proper. Since f¯(F ) is contained
in the compact subset j(M) ⊆ EN , we conclude that F is compact.
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Finally, we make some remarks on the contents of the sections and the methods of proof.
We note that Sections 2–5 treat immersions f : F →M where k = dimF is not restricted to
k = 2. Here the main idea is that the invariance of the Liouville measure under the geodesic
flow implies the following: If 〈|A|2〉 is small, then, for a large set of geodesics in F , their
f -images are C1-close to geodesics in M . Unfortunately, the results obtained in Sections 2–5
are not good enough to prove the existence of (a piece of) totally geodesic, k-dimensional
submanifold N in M provided there exists a sequence fi : Fi →M of complete immersions of
k-dimensional manifolds Fi satisfying limi→∞〈|Ai|2〉 = 0. This is achieved in the case k = 2
in Sections 6–8 by using methods from two-dimensional Riemannian geometry. Here, the
key technical result is Proposition 7.1. Roughly speaking, this proposition proves that two
almost minimizing geodesics on a surface that intersect at a small angle, stay close together
for a fixed amount of time, provided they lie in a ball with small total, absolute Gaussian
curvature. In Section 8 it is shown that this together with the results of Sections 2–6 yield
the existence of small pieces of totally geodesic surfaces within the set of limit points of fi(Fi).
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In Section 9 we prove that – under appropiate conditions and for small r > 0 – the fi(B(pi, r))
Hausdorff-converge to a closed ball in a totally geodesic surface. Moreover, we lay the ground
for the proof of a corresponding statement for large r. The existence of a complete, totally
geodesic surface immersion f : N →M is proved in Section 10. In principle, this is achieved
by piecing together small pieces of totally geodesic surfaces as obtained in Section 8. For
this globalization we rely on a result from [1] that provides a lamination L in the Grassmann
bundle of two-planes over M , the leaves of which provide complete, totally geodesic immer-
sions when projected to M . Finally, in Section 11 we prove that this lamination L does not
have a compact leaf N with finite fundamental group, provided the Fi are connected and
limi→∞ vol
fi
2 (Fi) = ∞. This proves Theorem 1.3. The proof is inspired by G. Reeb’s result
[21]. In principle, a proof along the lines of G. Reeb’s proof is possible. However, it is techni-
cally simpler to resort to M. Gromov’s theory of pointed Gromov-Hausdorff convergence and
to construct a noncompact, connected limit space (Y, y0) of (a subsequence of) the sequence
(Fi, pi) together with a locally isometric covering map f : Y → N .
2 L1-almost geodesics
Let (M,g) denote a compact Riemannian manifold with Levi-Civita` connection ∇. In this
section we consider arclength-parametrized curves γ in M for which the L1-norm of the
covariant derivative of γ˙ is small. Using Gronwall’s inequality we will easily see that such
curves are C1-close to geodesics.
For definiteness we use the natural distance dSM induced by g on the unit tangent bundle.
Since the constants in our estimates are not explicit, and since SM is compact, the choice of
metric on SM is really irrelevant.
Lemma 2.1 There exist constants B > 0, C > 0 such that the following holds for all
arclength-parametrized C2-curves γ : [a, b] → M . If c : [a, b] → M is the geodesic with
initial vector c˙(a) = γ˙(a) and t ∈ [a, b], then
dSM (γ˙(t), c˙(t)) ≤ BeC(t−a)
∫ t
a
|∇ ∂
∂s
γ˙|(s) ds,
and
d(γ(t), c(t)) ≤ B
C
(eC(t−a) − 1)
∫ t
a
|∇ ∂
∂s
γ˙|(s) ds.
Proof: We may assume that (M,g) is isometrically embedded into some euclidean RN . We
will consider tangent vectors to M as pairs (p, v) ∈ TMp ⊆ {p} × RN , and, in particular,
γ˙(t) = (γ(t), γ′(t)) ∈ R2N . According to the definition of the second fundamental form A of
M in RN we have
(γ, γ′′) = ∇ ∂
∂t
γ˙ +A(γ˙, γ˙).
We define y : [a, b]→ SM ⊆ RN × SN−1 by y = (γ, γ′) = (y1, y2), and let A2 : TM ⊕ TM →
R
N denote the vector component of A. Then the preceding equation reads
(2.6) y′ = (y2, A2(y, y)) +∇ ∂
∂t
γ˙.
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Similarly, for the geodesic c we consider x : [a, b]→ RN × SN−1,
x = (c, c′) = (x1, x2),
and obtain
(2.7) x′ = (x2, A2(x, x)).
Since SM is compact there exists a constant C > 0 such that
(2.8) |(v2, A2(v, v)) − (w2, A2(w,w))| ≤ C|v − w|
holds for all v = (v1, v2), w = (w1, w2) in SM ⊆ RN × RN .
Now (2.6)–(2.8) imply
|y′ − x′| ≤ C|y − x|+ |∇ ∂
∂t
γ˙|.
So we can apply Gronwall’s inequality and obtain
|y(t)− x(t)| ≤ eC(t−a)
∫ t
a
e−C(s−a)|∇ ∂
∂s
γ˙|(s) ds
for all t ∈ [a, b]. On the compact submanifold SM ⊆ R2N the euclidean distance is equivalent
to dSM . So, the preceding inequality implies our first claim. Moreover, for t ∈ [a, b], we have
|γ′(t)− c′(t)| ≤ eC(t−a)
∫ t
a
|∇ ∂
∂s
γ˙|(s) ds,
and hence
|γ(t)− c(t)| ≤ 1
C
(
eC(t−a) − 1)
∫ t
a
|∇ ∂
∂s
γ˙|(s) ds.
This implies the second claim.
Lemma 2.1 entails the following pretty obvious corollaries, the proofs of which are given for
convenience.
Corollary 2.2 Let B,C be the constants from Lemma 2.1. Then every arclength-
parametrized C2-curve γ : [a, b] → M of length smaller than the injectivity radius of (M,g)
is ’almost minimizing’ in the following sense
L(γ) ≤ d(γ(a), γ(b)) +BeCL(γ)
∫ b
a
|∇ ∂
∂s
γ˙|(s) ds.
Proof: Let c : [a, b]→M be the geodesic with c˙(a) = γ˙(a). Then we have
d
(
γ(a), γ(b)
) ≥ d(c(a), c(b)) − d(c(b), γ(b)) ≥ L(γ)−BeCL(γ)
∫ b
a
|∇ ∂
∂s
γ˙|(s) ds,
where the last inequality follows from d
(
c(b), γ(b)
) ≤ dSMd(c˙(b), γ˙(b)) and Lemma 2.1.
Corollary 2.3 If r > 0 is smaller than the injectivity radius of M there exists ε > 0 such
that every arclength-parametrized C2-curve γ : [a, b] → M satisfying L(γ) ≤ r and εγ =∫ b
a
|∇ ∂
∂s
γ˙|(s) ds < ε is free of double points.
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Proof: We may assume that M is isometrically embedded in some euclidean space RN ,
and we let D > 0 denote an upper bound for the norm of the second fundamental form A of
M . Assuming that there exist a ≤ s < t ≤ b such that γ(s) = γ(t), we will derive a lower
bound for εγ . Since γ(s) = γ(t), the curve γ
′|[s, t] is not contained in any hemisphere of
SN−1, hence L(γ′|[s, t]) = ∫ t
s
|γ′′(σ)| dσ > π. Since (γ, γ′′) = ∇ ∂
∂s
γ˙ + A(γ˙, γ˙), we conclude
that
∫ t
s
|∇ ∂
∂σ
γ˙|(σ) dσ +D(t− s) > π, hence
(2.9) t− s > 1
D
(π − εγ).
On the other hand, Corollary 2.2 implies that
0 = d
(
γ(s), γ(t)
) ≥ (t− s)−BeCrεγ ,
and hence
(2.10) εγ ≥ 1
B
e−Cr(t− s).
Now, (2.9) and (2.10) imply
εγ >
π
DBeCr + 1
.
So our claim is true if we set ε = π
DBeCr+1
.
Corollary 2.4 Suppose r > 0 is smaller than the injectivity radius of M and α ∈ (0, π].
Then there exists ε > 0 such that the following holds for any two arclength-parametrized
C2-curves γ0, γ1 : [0, L] → M with γ0(0) = γ1(0) and L ≤ r. If ∢(γ˙0(0), γ˙1(0)) ≥ α and∫ L
0 |∇ ∂
∂s
γ˙i|(s) ds < ε for i ∈ {0, 1}, then γ0
(
(0, L]
) ∩ γ1((0, L]) = ∅.
Proof: Using the compactness of M and well-known properties of the injectivity radius, we
obtain δ > 0 such that
(2.11) d(exp(v0), exp(v1)) ≥ δ|v0 − v1|
holds, whenever v0, v1 ∈ TM have the same footpoint and satisfy |v0| ≤ r and |v1| ≤ r.
Intuitively, we see that Lemma 2.1 together with (2.11) imply our claim. We add an explicit
proof that our claim holds if we define ε by
(2.12) ε =
1
5BeCr
min{1, 2
π
αδ}.
Given curves γ0, γ1 as in our claim and parameter values s0 ≤ s1 in (0, L], we will show that
d
(
γ0(s0), γ1(s1)
)
> 0. For i ∈ {0, 1} let ci : [0, L] → M denote the geodesics defined by
c˙i(0) = γ˙i(0). From Lemma 2.1 we conclude that
(2.13) d
(
γ0(s0), γ1(s1)
) ≥ d(c0(s0), c1(s1))− B
C
(
eCs0 + eCs1 − 2)ε.
Since concentric metric spheres of radii s0 ≤ s1 ≤ r have distance s1 − s0, we see that
d
(
c0(s0), c1(s1)) ≥ s1 − s0. Moreover, applying (2.11) with vi = sic˙i(0) for i ∈ {0, 1}, we
obtain
d
(
c0(s0), c1(s1)
) ≥ δ|s0c˙0(0) − s1c˙1(0)|.
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Since s1 ≥ s0 we have |s0c˙0(0)−s1c˙1(0)| ≥ s0|c˙0(0)− c˙1(0)| ≥ 2παs0. Here the factor 2π results
from comparison of spherical and euclidean distance. The preceding inequalities imply
(2.14) d
(
c0(s0), c1(s1)
) ≥ max{s1 − s0, 2
π
αs0δ}.
Recalling s0 ≤ s1, we estimate the term eCs0 + eCs1 − 2 in (2.13) above by 2CeCrs1. Then
(2.12)–(2.14) imply
d
(
γ0(s0), γ1(s1)
) ≥ max{s1 − s0, 2
π
αs0δ} − 2
5
s1min{1, 2
π
αδ}.
If s1 − s0 > 25s1, the preceding inequality implies d
(
γ0(s0), γ1(s1)
)
> 0.
If s1 − s0 ≤ 25s1, i. e. s0 ≥ 35s1, then s0 > 25s1. So, also in this case, the preceding inequality
implies d
(
γ0(s0), γ1(s1)
)
> 0.
3 Estimates arising from integral geometry
We consider a k-dimensional, complete Riemannian manifold (F, g). The unit tangent
bundle of F will be denoted by π : SF → F with fibers SpF = π−1(p) for p ∈ F .
Our estimates will follow from the invariance of the Liouville measure L on SF under
the geodesic flow. We recall that locally the Liouville measure L is the product of the
Riemannian volume volk on F and the standard (k − 1)-volume volSpF on the euclidean
spheres SpF . For v ∈ SF , we let cv : R→ F denote the geodesic with initial vector c˙v(0) = v.
The following simple lemma is the root of our estimates.
Lemma 3.1 Let h : F → [0,∞] be Lebesgue measurable. For arbitrary ε > 0, R > 0 consider
the set
Vε,R(h) = {v ∈ SF |
∫ R
−R
h
(
cv(t)
)
dt ≥ ε}.
Then we have
L(Vε,R(h)) ≤ αk−1 2R
ε
∫
F
hdvolk,
where αk−1 denotes the (k − 1)-volume of the unit sphere in euclidean k-space.
Proof: If Φ : SF × R→ SF denotes the geodesic flow, then
h ◦ cv(t) = h ◦ π ◦ Φ(v, t).
Hence the invariance of L under Φ implies that the integral
∫
SF
h
(
cv(t)
)
dL(v)
is independent of t ∈ R. Using the definition of L we see that
∫
SF
h
(
cv(t)
)
dL(v) =
∫
SF
h
(
cv(0)
)
dL(v) = αk−1
∫
F
hdvolk.
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This implies
L(Vε,R(h)) · ε ≤
∫
SF
(∫ R
−R
h
(
cv(t)
)
dt
)
dL(v) = αk−12R
∫
F
hdvolk.
Remark 3.2 We will apply Lemma 3.1 in the following situation. We will consider an
isometric immersion f : F → M of F into some Riemannian manifold M , and let h be the
squared norm |A|2 of the second fundamental form A of f . If we assume that the mean
value 〈|A|2〉 = ∫
F
|A|2 dvolk/volk(F ) is small, then Lemma 3.1 can be used to find a large
set of vectors v ∈ SF\Vε,R(|A|2), i. e. vectors v ∈ SF for which
∫ R
−R |A|2 ◦ cv(t) dt < ε.
If additionally
√
2Rε is small, then the results in Section 2 show that for all these vectors
v ∈ SF the curve f ◦ cv|[−R,R] is C1-close to a geodesic in M .
In the proof of the existence of totally geodesic surfaces in Section 8, we will make use of
triples of geodesic cv, cw, cz for which v,w, z ∈ SF\Vε,R(|A|2) and such that cw(0) = cv(t),
cz(0) = cw(s) for some s, t ∈ [0, R]. The following estimates will make it possible to find
many such triples. They are proved by applying Lemma 3.1 to functions derived from h.
For h, ε,R as above we consider the function H : F → [0, αk−1] defined by
H(q) = volSqF
(Vε,R(h) ∩ SqF ).
From the definition of the Liouville measure L we know that
(3.1) L(Vε,R(h)) =
∫
F
H dvolk.
We use (3.1) and apply Lemma 3.1 twice to obtain
(3.2) L(Vε,R(H)) ≤ αk−1 2R
ε
L(Vε,R(h)) ≤ (αk−1 2R
ε
)2 ∫
F
hdvolk.
Definition 3.3 The set Gε,R(h) of “(ε,R, h)-good points in F” consists of all q ∈ F such
that
(3.3) H(q) = volSqF
(Vε,R(h) ∩ SqF ) < ε,
and
(3.4) volSqF
(Vε,R(H) ∩ SqF ) < ε.
If we take h = |A|2 as in Remark 3.2, then q ∈ Gε,R(|A|2) implies that – up to a set of
volSqF -measure smaller than 2ε – the vectors w ∈ SqF satisfy
∫ R
−R
|A|2 ◦ cw(s) ds < ε,
and ∫ R
−R
H(cw(s)) ds < ε,
9
where H(cw(s)) = volScw(s)F ({z ∈ Scw(s)F |
∫ R
−R |A|2 ◦ cz(σ) dσ ≥ ε}).
Later we will use topological consequences of the assumption that q ∈ Gε,R(|A|2) in terms of
density of certain sets. Recall that a subset S of a metric space (X, d) is called δ-dense in X
if every point of X has distance less than δ from S. If (Xi, di) is a sequence of metric spaces
and Si is a sequence of subsets of Xi, then the Si are called asymptotically dense in Xi if the
Si are δi-dense in Xi for some sequence δi ↓ 0. On the unit tangent spheres SqF we use the
spherical metric, and we let rk(ε) denote the radius of metric balls in SqF with volSqF -volume
equal to ε > 0. Note that limε↓0 rk(ε) = 0 and r2(ε) =
ε
2 . The following lemma is a direct
consequence of the preceding considerations.
Lemma 3.4 Suppose q ∈ Gε,R(|A|2). Then there exists an rk(2ε)-dense subset P (q) in SqF
such that w ∈ P (q) implies ∫ R−R |A|2 ◦ cw(t) dt < ε and the existence of a √ε-dense subset
J(w) in [−R,R] with the following property: For every s ∈ J(w) the set
{z ∈ Scw(s)F |
∫ R
−R
|A|2 ◦ cz(σ) dσ < ε}
is rk(
√
ε)-dense in Scw(s)F .
The next lemma will help us to show that the set of points that are not (ε,R, h)-good has
small volume compared to F .
Lemma 3.5
volk(F\Gε,R(h)) ≤ 1
ε
(
αk−1
2R
ε
+ (αk−1
2R
ε
)2
) ∫
F
hdvolk.
Proof: Using equation (3.1) and Lemma 3.1 we see that
ε volk
(
F\H−1([0, ε]) ≤
∫
F
H dvolk = L
(Vε,R(h)) ≤ αk−1 2R
ε
∫
F
hdvolk.
Similarly, we use ∫
F
volSqF
(Vε,R(H) ∩ SqF ) dvolk = L(Vε,R(H))
and inequality (3.2) to see that
εvolk(F\{q ∈ F |volSqF (Vε,R(H) ∩ SqF ) < ε} ≤ L
(Vε,R(H))
≤ (αk−1 2R
ε
)2 ∫
F
hdvolk.
According to Definition 3.3 the preceding two inequalities imply our claim.
Finally, we will apply Lemma 3.1 to the indicator function h˜ = χF\Gε,R(h) of F\Gε,R(h). By
analogy with (3.3) we define H˜ : F → [0, αk−1] by
(3.5) H˜(q) = volSqF
(Vε,R(h˜) ∩ SqF ).
Remark 3.6 Note that H˜(q) < ε means that the volSqF -volume of the set of w ∈ SqF
satisfying λ1({s ∈ [−R,R]|cw(s) ∈ Gε,R(h)}) ≤ 2R − ε is smaller than ε.
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Using Lemma 3.5 we will prove:
Corollary 3.7 For every Lebesgue measurable function h : F → [0,∞] and all ε > 0, R > 0
we have
volk
(
F\(Gε,R(h) ∩ H˜−1([0, ε)))
)
≤ ck(R, ε)
∫
F
hdvolk,
where ck(R, ε) =
1
ε
(αk−1
2R
ε2
+ 1)
(
αk−1
2R
ε
+ (αk−1
2R
ε
)2
)
.
Proof: Lemma 3.1 together with Lemma 3.5 imply
L(Vε,R(h˜)) ≤ αk−1 2R
ε
volk
(
F\Gε,R(h)
) ≤ αk−1 2R
ε2
(
αk−1
2R
ε
+ (αk−1
2R
ε
)2
) ∫
F
hdvolk.
On the other hand, we have
volk
(
H˜−1([ε,∞))) ≤ 1
ε
∫
F
H˜ dvolk =
1
ε
L(Vε,R(h˜)).
The two preceding inequalities combine to prove
volk
(
F\H˜−1([0, ε))) ≤ αk−1 2R
ε3
(
αk−1
2R
ε
+ (αk−1
2R
ε
)2
) ∫
F
hdvolk.
Together with Lemma 3.5 this implies our claim.
4 Estimates under the assumption of an upper bound on the
volume of metric balls
We continue to consider a k-dimensional, complete Riemannian manifold (F, g). The open
metric ball of radius r > 0 about p ∈ F will be denoted by B(p, r).
We assume that there exists an increasing function V : (0,∞)→ (0,∞) such that
(4.1) volk
(
B(p, r)
) ≤ V (r)
holds for all p ∈ F and all r > 0.
Under this assumption a simple covering argument will prove the following
Lemma 4.1 Suppose h ∈ L1(F, [0,∞]) and G ⊆ F is measurable with volk(G) > 0. Then
inf
p∈G
∫
B(p,r)
hdvolk ≤ V (2r)
volk(G)
∫
F
hdvolk
holds for all r > 0.
Proof: We let N ∈ N∪{∞} be the maximal number of disjoint r-balls with centers in G. If
N =∞ then infp∈G
∫
B(p,r) hdvolk = 0, since h ≥ 0 and
∫
F
hdvolk <∞. So our claim holds if
N =∞. If N <∞ choose disjoint balls B(p1, r), . . . , B(pN , r) with {p1, . . . , pN} ⊆ G. Then
we have G ⊆ ⋃Ni=1B(pi, 2r), and hence volk(G) ≤ N V (2r). On the other hand, we have
N · inf
p∈G
∫
B(p,r)
hdvolk ≤
N∑
i=1
∫
B(pi,r)
hdvolk ≤
∫
F
hdvolk.
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The preceding inequalities imply our claim.
Next we consider a sequence (Fi, gi) of k-dimensional, complete Riemannian manifolds
with functions hi ∈ L1(Fi, [0,∞]). Later, the hi will be the squared norms of the second
fundamental forms of isometric immersions of (Fi, gi) into some fixed Riemannian manifold.
Geometric quantities derived from (Fi, gi) will be denoted by the same symbols that were
used for a fixed manifold (F, g), but with an additional index i.
We make the following two assumptions:
The mean values 〈hi〉 =
∫
Fi
hi dvol
i
k/vol
i
k(Fi) converge to zero for i→∞.(4.2)
There exists an increasing function f : (0,∞)→ (0,∞) such that
volik
(
B(p, r)
) ≤ f(r)(1 +
∫
Fi
hi dvol
i
k)(4.3)
holds for all i ∈ N, all p ∈ Fi and all r > 0.
If the Fi are surfaces isometrically immersed into a compact Riemannian manifold, and if
the hi are the squared norms of the second fundamental forms of the Fi, then condition (4.3)
holds due to Corollary 6.2, cf. Remark 6.3. Note that we do not exclude the possibility that
volik(Fi) =∞ for some i ∈ N.
Using Corollary 3.7 and Lemma 4.1 we will now prove:
Proposition 4.2 Under the assumptions (4.2) and (4.3) there exist a subsequence of the Fi,
called Fi again, and sequences pi ∈ Fi, Ri →∞, εi ↓ 0 and measurable sets Vi ⊆ SpiFi with
the following properties:
(a1) pi ∈ Gεi,Ri(hi),
(a2) lim
i→∞
∫
B(pi,Ri)
hi dvol
i
k = 0,
(b1) volSpiFi(SpiFi\Vi) < 2εi,
(b2)
∫ Ri
−Ri
hi
(
cv(t)
)
dt < εi for all all v ∈ Vi,
(b3) λ
1({t ∈ [−Ri, Ri]|cv(t) ∈ Gεi,Ri(hi)}) > 2Ri − εi for all v ∈ Vi.
In particular, the set {(v, t) ∈ Vi × [−Ri, Ri]|cv(t) ∈ Gεi,Ri(hi)} is (rk(2εi) + εi)-dense in
SpiFi × [−Ri, Ri] with respect to the metric dSpiFi(v,w) + |s− t|.
We remark that the existence of Vi ⊆ SpiFi satisfying (b1) and (b2) follows directly from
(a1).
Proof:
12
(a) Let H˜i : Fi → [0, αk−1] be induced by hi according to (3.5), and let Ri → ∞, ε ↓ 0 be
given. We first prove that given a sequence pi ∈ Gεi,Ri(hi) ∩ H˜−1i ([0, εi)) we can find
Vi ⊆ SpiFi satisfying (b1)–(b3). Indeed, since pi ∈ Gεi,Ri(hi) we see from (3.3) that the
sets W 1i = Vεi,Ri(hi) ∩ SpiFi satisfy volSpiFi(W 1i ) < εi. Moreover, by the definition of
Vεi,Ri(hi), all vectors v ∈ SpiFi\W 1i satisfy (b2). Similarly, pi ∈ H˜−1i ([0, εi)) implies
that the sets W 2i of all v ∈ SpiFi such that
λ1({t ∈ [−Ri, Ri]|cv(t) ∈ Gεi,Ri(hi)}) ≤ 2Ri − εi
have volSpiFi-measure smaller than εi, cf. Remark 3.6. So, if we set
Vi = SpiFi\(W 1i ∪W 2i ) then conditions (b1)–(b3) hold.
(b) Next, we treat the case that the sequence
(
volik(Fi)
)
i∈N
is bounded. By (4.2) this
implies that limi→∞
∫
Fi
hi dvol
i
k = 0, so that condition (a2) is trivially satisfied. Since
the constant ck(R, ε) in Corollary 3.7 is a polynomial in R and ε
−1, we can find εi ↓ 0,
Ri →∞ such that
ck(Ri, εi)〈hi〉 ≤ 1
2
holds for all i ∈ N. Then we apply Corollary 3.7 to the case F = Fi, h = hi, ε = εi,
R = Ri, and obtain
volik
(
Fi\
(
Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
)) ≤ 1
2
volik(Fi).
Hence we can find a sequence pi ∈ Gεi,Ri(hi) ∩ H˜−1i ([0, εi]). Now, from part (a) of the
proof, we obtain Vi ⊆ SpiFi satisfying (b1)–(b3).
(c) If the sequence
(
volik(Fi)
)
i∈N
is unbounded we may assume that limi→∞ vol
i
k(Fi) = ∞
by considering a subsequence. Using conditions (4.2) and (4.3) we can find sequences
Ri →∞, εi ↓ 0 such that
(4.4) lim
i→∞
ck(Ri, εi)〈hi〉 = 0
and
(4.5) lim
i→∞
f(2Ri)
volik(Fi)
= 0.
Now Corollary 3.7 and (4.4) imply that volik
(
Fi\
(
Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
))
< ∞ and
that
(4.6) lim
i→∞
volik
(
Fi\
(
Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
))
volik(Fi)
= 0.
Hence we have volik
(
Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
)
> 0 for almost all, say all i ∈ N, so that
Lemma 4.1 applied to F = Fi, h = hi, r = Ri, G = Gεi,Ri(hi) ∩ H˜−1i ([0, εi)) together
with (4.3) imply
inf
p∈Gεi,Ri (hi)∩H˜
−1
i
([0,εi))
∫
B(p,Ri)
hi dvol
i
k ≤
f(2Ri)(1 +
∫
Fi
hi dvol
i
k)
volik
(
Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
) .
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Using (4.5), (4.6) and (4.3) we conclude that the right hand side of the last inequality
converges to 0 for i → ∞. Hence we can find a sequence pi ∈ Gεi,Ri(hi) ∩ H˜−1i ([0, εi))
satisfying (a2). Again, the existence of Vi ⊆ SpiFi satisfying (b1)–(b3) follows from part
(a) of the proof.
(d) To prove the last claim of Proposition 4.2, note that (b1) implies that Vi is rk(2εi)-
dense in SpiFi. So, given (w, s) ∈ SpiFi × [−Ri, Ri] there exists v ∈ Vi such that
dSpiFi(v,w) < rk(2εi). Now (b2) implies that the set {t ∈ [−Ri, Ri]| cv(t) ∈ Gεi,Ri(hi)}
is εi-dense in [−Ri, Ri]. Hence there exists t ∈ [−Ri, Ri] such that cv(t) ∈ Gεi,Ri(hi)
and |s− t| < εi.
In the following sections, Proposition 4.2 will be frequently applied in the situation where we
have isometric immersions fi of the (Fi, gi) into a compact Riemannian manifold (M,g), and
where the functions hi are taken to be the square |Ai|2 of the norm of the second fundamental
form Ai of fi. In this situation we introduce the following notation.
Notation 4.3 (i) A sequence pi ∈ Fi is called a principal sequence if it satisfies the
statements made in Proposition 4.2 for hi = |Ai|2, and if, moreover, the limits
lim fi(pi) = p ∈ M and lim dfi(TpiFi) = E ∈ GkM exist. In particular, a principal
sequence pi comes with sequences Ri → ∞, εi ↓ 0 and Vi ⊆ SpiFi such that (b1)–(b3)
hold for hi = |Ai|2.
(ii) A sequence wi ∈ SFi is called (εi, Ri)-good if
∫ Ri
Ri
|Ai|2◦cwi(t) dt < εi holds for all i ∈ N,
and if, moreover, limi→∞ dfi(wi) = w ∈ SM exists.
So, under conditions (4.2) and (4.3), Proposition 4.2 together with the compactness of M
imply the existence of a principal sequence for a subsequence of the sequence Fi.
5 Partial convergence
We consider a sequence of isometric immersions fi : (Fi, gi) → (M,g) of k-dimensional,
complete Riemannian manifolds (Fi, gi) into a compact Riemannian manifold (M,g). We
assume that the L2-norms of the second fundamental forms Ai of fi are finite and that
conditions (4.2) and (4.3) are satisfied (for hi = |Ai|2). Combining results from Sect. 2 and
Sect. 4 we prove several results on the convergence of (subsequences of) the sequence fi
restricted to certain subsets of Fi. Unfortunately, these results do not directly imply the
existence of a k-dimensional totally geodesic submanifold in M . In the case of surfaces, i. e.
for k = 2, existence of totally geodesic surfaces will be proved in Sect. 8.
We first note the following simple consequence of Lemma 2.1.
Lemma 5.1 Let qi ∈ Fi, wi ∈ SqiFi be sequences such that the limits lim fi(qi) = q ∈ M
and lim dfi(wi) = w ∈ SqM exist. Assume that for some R > 0 we have limi→∞
∫ R
−R |Ai| ◦
cwi(t) dt = 0. Then the following statements (a)–(c) are true.
(a) The curves fi ◦ cwi |[−R,R] converge to the geodesic cw|[−R,R] uniformly in the C1-
topology.
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(b) If Wi : [−R,R]→ TFi are parallel vector fields along cwi |[−R,R] and lim dfi(Wi(0)) =
w0 ∈ TqM , then the vector fields dfi ◦Wi along fi ◦ cwi |[−R,R] converge uniformly in
TM to the parallel vector field W along cw|[−R,R] with W (0) = w0.
(c) If limi→∞ dfi(TqiFi) = E ∈ Gk(TqM) exists then the curves t ∈ [−R,R]→ dfi(Tcwi(t)Fi)
in the Grassmann bundle GkM converge uniformly to the parallel translate E(t) of E
along cw|[−R,R].
Proof:
(a) Let ∇ denote the covariant derivative of (M,g). By the definition of the second funda-
mental form Ai we have
∇ ∂
∂t
(fi ◦ cwi)˙= Ai(c˙wi , c˙wi).
Hence (a) is a consequence of Lemma 2.1 and the uniform convergence of the (M,g)-
geodesics cdfi(wi)|[−R,R] to cw|[−R,R].
(b) Let W¯i : [−R,R] → TM denote the parallel vector fields along fi ◦ cwi |[−R,R] with
W¯i(0) = dfi(wi(0)). Then we have
〈dfi ◦Wi, W¯i〉(t) = 〈dfi ◦Wi, W¯i〉(0) +
∫ t
0
〈Ai(c˙wi ,Wi), W¯i〉(τ) dτ.
Hence our assumption limi→∞
∫ R
−R |Ai| ◦ cwi(t) dt = 0 implies that 〈dfi ◦ Wi, W¯i〉
converge uniformly on [−R,R] to the constant |Wi(0)|2 = |W¯i(0)|2. Since
|(dfi ◦ Wi)(t)| = |Wi(0)| = |W¯i(t)|, this implies that limi→∞ |dfi ◦ Wi − W¯i| = 0
uniformly on [−R,R].
Using (a), and our assumption lim dfi(Wi(0)) = w0 = W (0), and standard results
on ordinary differential equations, we see that W¯i, and hence dfi ◦ Wi, converge to
W |[−R,R] uniformly in TM.
(c) This is a direct consequence of (b).
Remark 5.2 If wi ∈ SFi is an (εi, Ri)-good sequence, cf. Notation 4.3 (ii), and εi ↓ 0,
Ri →∞, then the geodesics cwi satisfy the assumptions of Lemma 5.1 for every R > 0.
Corollary 5.3 For a principal sequence pi ∈ Fi and arbitrary R > 0 set
Ci(R) = {cv(t)|v ∈ Vi, |t| < R} ⊆ Fi.
Then the sequence of compact sets fi(Ci(R)) ⊆ M converges to the compact set NE(R) =
expp({v ∈ E| |v| ≤ R}) ⊆M with respect to Hausdorff distance.
Proof: Since M is compact it suffices to prove that every q ∈ NE(R) is the limit of
a sequence fi(qi) with qi ∈ Ci(R), and that every point of accumulation of a sequence
fi(qi) with qi ∈ Ci(R) lies in NE(R). Given v ∈ E with |v| ≤ R we can use the fact that
E = limi→∞ dfi(TpiFi) and property 4.2(b1) to find a sequence vi ∈ Vi ⊆ SpiFi such that
lim dfi(|v|vi) = v. Now, Lemma 5.1(a) implies that expp(v) = cv(1) ∈ NE(R) is the limit of
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the sequence fi(c|v|vi(1)), where c|v|vi(1) = cvi(|v|) ∈ Ci(R).
On the other hand, given a sequence qi = cvi(ti) ∈ Ci(R) with vi ∈ Vi, ti ∈ [−R,R] and a
point of accumulation of the sequence fi(qi), we may assume that lim ti = t ∈ [−R,R] and
lim dfi(vi) = v ∈ SE. Since vi ∈ Vi we can use property (b2) in Proposition 4.2 and Lemma
5.1(a) to conclude that
lim
i→∞
fi
(
cvi(ti)
)
= cv(t) = expp(tv) ∈ NE(R).
Remark 5.4 Although the sets Vi are asymptotically dense in SpiFi by Proposition 4.2 (b1),
it is by no means clear if the sets Ci(R) are asymptotically dense in B(pi, R). This is why
we cannot directly conclude from Corollary 5.3 that the closed balls B(pi, R) in Fi converge
to NE(R) with respect to the Hausdorff metric. In the case k = 2, i. e. if the Fi are surfaces,
the results of Sect. 7 will help us to prove that for sufficiently small ̺ > 0 the sets Ci(̺) are
indeed asymptotically dense in B(pi, ̺), see Lemma 9.8. This will be generalized to arbitrary
̺ > 0 in Proposition 9.12.
For γ ∈ C1(R,M) and t ∈ R we let P γ0,t : Tγ(0)M → Tγ(t)M denote parallel translation along
γ|[0, t] if t ≥ 0, resp. along (γ|[t, 0])−1 if t < 0. Recall that SE denotes the unit sphere of a
euclidean vector space E.
Proposition 5.5 Let pi ∈ Fi be a principal sequence. Given v ∈ SE, t ∈ R, w ∈ P cv0,t(SE),
s ∈ R and z ∈ P cw0,s ◦ P cv0,t(SE), there exist (εi, Ri)-good sequences vi ∈ Vi, wi, zi ∈ SFi with
the following properties:
(a) lim dfi(vi) = v, lim dfi(wi) = w, lim dfi(zi) = z.
(b) There exist sequences ti → t, si → s such that cwi(0) = cvi(ti) and
czi(0) = cwi(si) hold for all i ∈ N. Moreover, we have
cvi(ti) ∈ Gεi,Ri(|Ai|2) for all i ∈ N.
In particular, the curves fi ◦ cvi , fi ◦ cwi , fi ◦ czi converge to cv, cw, cz compactly in the
C1-topology.
Proof: Since limi→∞ dfi(TpiF ) = E we can use the last statement in Proposition 4.2 to find
a sequence (vi, ti) ∈ Vi × R such that lim dfi(vi) = v, lim ti = t and cvi(ti) ∈ Gεi,Ri(|Ai|2).
Since vi ∈ Vi is an (εi, Ri)-good sequence, we can use Lemma 5.1(c) and Remark 5.2 to
conclude that
lim
i→∞
dfi(Tcvi (ti)Fi) = P
cv
0,t(E).
So, by Lemma 3.4, we can find an (εi, Ri)-good sequence wi ∈ Scvi(ti)Fi such that lim dfi(wi) =
w and such that there exists a
√
εi-dense subset J(wi) of [−Ri, Ri] with the following property:
For every s ∈ J(wi) the set {z ∈ Scwi(s)Fi|
∫ Ri
−Ri
|Ai|2 ◦ cz(σ) dσ < εi} is rk(√εi)-dense in
Scwi(s)Fi. Hence we can find si ∈ J(wi) with lim si = s. As above we can see from Lemma
5.1(c) and Remark 5.2 that
lim
i→∞
dfi(Tcwi (si)Fi) = P
cw
0,s ◦ P cv0,t(E).
Since z ∈ P cw0,s ◦P cv0,t(SE) and si ∈ J(wi) there exists an (εi, Ri)-good sequence zi ∈ Tcwi (si)Fi
such that lim dfi(zi) = z.
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6 An upper bound for the area of balls
We consider a complete Riemannian surface (F, g), and we let K : F → R denote its Gaussian
curvature. For every constant k ∈ R and every measurable set B ⊆ F we set
ω−k (B) =
∫
B
(K − k)− dvol2.
Using an idea that goes back to work by G. Bol [2] and by F. Fiala [7] we will see:
Proposition 6.1 For every k < 0 the area of every metric ball B(p, r) in F satisfies
vol2
(
B(p, r)
) ≤ 1−k
(
2π + ω−k
(
B(p, r)
))(
cosh(
√−k r)− 1).
Proof: We use the notation from [5], Chapter 1, §2. The proof consists in applying case
1) of [5], Theorem 2.4.2 to the domain G = Gε = F\B(p, ε) and letting ε converge to zero.
Explicitly, we consider the function f(t) = fε(t) = vol2
(
B(p, t + ε)\B(p, ε)), and note that
limε↓0 fε(t) = vol2
(
B(p, t)
)
. The function a(t) = aε(t) in [5], Theorem 2.4.2 is defined by
aε(t) =
∫
B(p,t+ε)\B(p,ε)
(K − k)− dvol2 − τε,
where −τε denotes the total geodesic curvature of the boundary ∂B(p, ε) of B(p, ε). In
particular, we have limε↓0(−τε) = 2π.
Finally, the length L = Lε = length
(
∂B(p, ε)
)
in [5], Theorem 2.4.2 converges to zero when
ε ↓ 0. This shows that, in the limit ε ↓ 0, case 1) in [5], Theorem 2.4.2 reduces to the estimate
in Proposition 6.1.
Corollary 6.2 Suppose a complete Riemannian surface is isometrically immersed into a
Riemannian manifold (M, g¯) with second fundamental form A, and k < 0 is a lower bound
for the sectional curvature of (M, g¯). Then the area of every metric ball B(p, r) in F satisfies
vol2
(
B(p, r)
) ≤ 1−k (2π +
∫
B(p,r)
|A|2 dvol2)
(
cosh(
√−k r)− 1).
Proof: By the Gauss equations the Gaussian curvature K of (F, g) satisfies K ≥ k − |A|2.
Hence we have (K − k)− ≤ |A|2 and
ω−k
(
B(p, r)
) ≤
∫
B(p,r)
|A|2 dvol2.
Remark 6.3 If (Fi, gi) is a sequence of complete surfaces that are isometrically immersed
into a Riemannian manifold with sectional curvature bounded below by k < 0, then Corollary
6.2 implies that we have
voli2(B(p, r)) ≤ f(r)(1 +
∫
Fi
|Ai|2 dvoli2)
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for all i ∈ N and all metric balls B(p, r) ⊆ Fi, where
f(r) =
2π
−k
(
cosh(
√
−k r)− 1).
So, in this situation, condition (4.3) (for hi = |Ai|2) is satisfied. Hence we obtain the following
important consequence of Proposition 4.2.
Corollary 6.4 Let fi be a sequence of isometric immersions of complete Riemannian
surfaces (Fi, gi) into a compact Riemannian manifold (M,g) such that |Ai|2 ∈ L1(Fi) and
limi→∞〈|Ai|2〉 = 0. Then there exists a principal sequence for a subsequence of the fi.
For the notion ’principal sequence’ see Notation 4.3.
In the next section the following upper bound on the total absolute Gaussian curvature of
metric balls will be helpful.
Corollary 6.5 Let (F, g) be a complete Riemannian surface that is isometrically immersed
into a Riemannian manifold (M, g¯). Suppose the absolute value of the sectional curvature of
(M, g¯) is bounded by k > 0. Then the total absolute Gaussian curvature of every metric ball
B(p, r) in F satisfies
∫
B(p,r)
|K| dvol2 ≤ (2π +
∫
B(p,r)
|A|2 dvol2) cosh(
√
k r)− 2π.
Proof: Since |K| ≤ k + |A|2, this follows from Corollary 6.2.
7 Some trigonometry in balls with small total, absolute Gaus-
sian curvature
In the case of surfaces we can overcome the difficulties that arise from the fact that we
were only able to prove partial convergence in Sect. 5, cf. Remark 5.4. Here, Proposition
7.1 below is the key step. Roughly, it proves that two almost minimizing geodesics that
intersect at a small angle stay close together for a fixed amount of time, provided that they
lie in a ball with small total, absolute Gaussian curvature. The proof is elementary, but
intricate. It relies on the Gauss-Bonnet formula for geodesic polygons, on the first vari-
ation formula, and on the fact that different geodesics on a surface intersect only transversely.
We will call a curve γ : [a, b] → X in a metric space (X, d) ε-almost minimizing if
L(γ) ≤ d(γ(a), γ(b)) + ε. Note that if γ is ε-almost minimizing then so is γ|[s, t] for all
intervals |s, t] ⊆ [a, b].
For some fixed r > 0 we consider the following scenario on a complete Riemannian surface
(F, g). We abbreviate π24 by ε0.
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B(p, r) is a metric ball on F and
∫
B(p,r)
|K| dvol2 < ε0 = π
24
.(7.1)
c0, c1 : [−r, r]→ F are injective geodesics such that(7.2)
c0(0) = c1(0) = p and c0([−r, r]) ∩ c1([−r, r]) = {p}.
c0 and c1 are
r
6
-almost minimizing.(7.3)
∢(c˙0(0), c˙1(0)) < ε0 =
π
24
.(7.4)
For a fixed angle θ satisfying
(7.5)
π
2
+ ε0 < θ <
3π
4
we consider the parallel unit vector field z along c0 such that ∢(z(t), c˙0(t)) = π− θ and such
that z(0) and c˙1(0) point to the same side of c0.
We will prove that for t ∈ (0, r6 ) the geodesic cz(t)|[0,∞) intersects c1, and we will find an upper
bound on the length l(t) of cz(t) between cz(t)(0) = c0(t) and the first point of intersection of
cz(t)|[0,∞) with c1. Note that we do not make any assumptions on the topology of B(p, r).
Proposition 7.1 Let p ∈ F , r > 0, c0, c1 and θ satisfy (7.1)–(7.5). For t ∈ (0, r6) define
l(t) = inf{s > 0|cz(t)(s) ∈ c1([−r, r])} ∈ [0,∞], and, if l(t) < ∞, define s(t) ∈ [−r, r] by
cz(t)(l(t)) = c1(s(t)). Then, for all t ∈ (0, r6), we have l(t) < ∞ and s(t) ∈ (0, 2r3 ). The
geodesic trigon c0|[0, t] ∗ cz(t)|[0, l(t)] ∗ (c1|[0, s(t)])−1 is simple closed and bounds a topological
disk ∆t ⊆ B(p, r). Moreover, if t ∈ (0, r6) then
l(t) ≤ 2d∆t(c0(t), c1([0, s(t)])) ≤ 2t,
where d∆t denotes the inner metric of ∆t. Finally, ∆t is locally convex, i. e. all interior
angles of ∆t are smaller than π.
Remark 7.2 When we apply Proposition 7.1, assumption (7.1) will be a consequence of
Proposition 4.2(a2) (for hi = |Ai|2) combined with Corollary 6.5, while assumptions (7.2)
and (7.3) will be consequences of Corollaries (2.7)–(2.9).
Remark 7.3 The explicit conditions (7.1) and (7.5) are responsible for the explicit constant
2 in the estimate l(t) ≤ 2d∆t(c0(t), c1|[0, s(t)]). One could increase the upper bound 3π4 for θ
at the price of a larger constant than 2 and a smaller bound in (7.1). The condition θ > π2+ε0
is helpful in the proof, but can most likely be relaxed.
The proof of Proposition 7.1 is preceded by Lemmas 7.4–7.9 below.
Lemma 7.4 Let c¯ ∈ [−r, r] → F be an injective geodesic, and let α : (a, b) × [0,∞] → F be
C∞ and such that the curves ct(s) = α(t, s) are geodesics for all t ∈ (a, b). If ct(0) ∈ c¯([−r, r])
for some t ∈ (a, b) assume further that ct intersects c¯ transversely at s = 0. For t ∈ (a, b)
set l(t) = inf{s > 0|ct(s) ∈ c¯([−r, r])} ∈ [0,∞], and, if l(t) < ∞, define s(t) ∈ [−r, r]
by ct(l(t)) = c¯(s(t)). Then l is positive and C
∞ on the open set U =
{
t ∈ (a, b)|l(t) <
d
(
ct(0), {c¯(−r), c¯(r)}
)}
and s ∈ C∞(U, (−r, r)). If t ∈ U then c˙t
(
l(t)
)
and ˙¯c
(
s(t)
)
are linearly
independent.
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Proof: First note that l(t) > 0 for all t ∈ (a, b), since otherwise ct(0) ∈ c¯([−r, r]), and
hence l(t) = 0 would contradict our assumption that ct intersects c¯ transversely at s = 0.
Next, if t ∈ U then s(t) ∈ (−r, r) since l(t) < d(ct(0), {c¯(−r), c¯(r)}). In particular, by the
minimality of l(t), ct and c¯t intersect transversely at ct(l(t)) = c¯(s(t)). Hence, if t0 ∈ U we
can apply the implicit function theorem to find an open set V1 × V2 ⊆ (a, b) × (0,∞) and
l˜ ∈ C∞(V1, V2) such that l˜(t0) = l(t0) and, for all t ∈ V1, (t, l˜(t)) is the unique point in V1×V2
such that ct(l˜(t)) ∈ c¯
(
(−r, r)). By the definition of l, this implies l|V1 ≤ l˜, and hence, that U
is open. Finally, the compactness of c¯([−r, r]) implies that l is lower semicontinuous. Using
the preceding facts we easily see that l and l˜ coincide in a neighborhood of t0. This shows
that l|U is C∞. Since c¯|[−r, r] is injective and s(t) ∈ (−r, r) we also obtain the smoothness
of s.
In the following Lemmas 7.5–7.9 we assume that p ∈ F , r > 0, c0, c1 and θ are as in
Proposition 7.1, i. e. they satisfy (7.1)–(7.5).
Lemma 7.5 If t ∈ (0, r6) and l(t) < 2r3 , then s(t) ∈ (−r, r) and l is smooth in a neighborhood
of t.
Proof: Using the r6 -almost minimality of c1, we estimate l(t) <
2r
3 = (r − r6) − r6 <
d(p, {c1(−r), c1(r)})− t < d(cz(t)(0), {c1(−r), c1(r)}). Hence we can apply Lemma 7.4 to the
case c¯ = c1 and α(t, s) = cz(t)(s).
Lemma 7.6 Assume that for some T ∈ (0, r6) and all t ∈ (0, T ) we have l(t) < 2r3 , and
cz(t)|[0, l(t)] does not intersect c0([−r, r]). Then cz(t)|([0, l(t)] is injective for all t ∈ (0, T ).
Proof: Let V denote the set of all t ∈ (0, T ) for which cz(t)|[0, l(t)] is not injective. We will
show that V is open and closed in (0, T ). This will prove our claim since standard Riemannian
geometry shows that t /∈ V for small t > 0. For t ∈ V there exist 0 ≤ s− < s+ ≤ l(t)
such that cz(t)(s
−) = cz(t)(s
+). Since cz(t)|[0, l(t)] does not intersect c0([−r, r]) we have
s− > 0, and the definition of l(t) implies that s+ < l(t). The selfintersection of cz(t) at
s− < s+ is transverse since otherwise cz(t) is periodic with period s
− − s+, in contradiction
to cz(t)
(
l(t)− (s+− s−)) = cz(t)(l(t)) ∈ c1([−r, r]) and 0 < l(t)− (s+ − s−) < l(t). Using the
implicit function theorem and the continuity of l|(0, T ), see Lemma 7.5, we conclude that V
is open. The closedness of V in (0, T ) follows from the fact that s+ − s−, i. e. the length of
the geodesic loop cz(t)|[s−, s+], is bounded away from zero.
Lemma 7.7 Assume that for some T ∈ (0, r6) and all t ∈ (0, T ) we have l(t) < 2r3 , and
cz(t)|[0, l(t)] does not intersect c0([−r, r]). Then, for all t ∈ (0, T ), we have s(t) ∈ (0, r), and
the piecewise geodesic curve γt = c0|[0, t] ∗ cz(t)|[0, l(t)] ∗ (c1|[0, s(t)])−1 is simple closed and
bounds a topological disk ∆t ⊆ B(p, r) with inner angles ∢(c˙0(0), c˙1(0)) at p, θ at c0(t), and
inner angle < π2 at c1(s(t)).
Proof: First note that s(t) > 0 for small t > 0, since ∢(c˙0(0), c˙1(0)) + θ < π by (7.4)
und (7.5). Moreover, s(t) = 0 implies cz(t)(l(t)) = p = c0(0), so this is excluded by our
assumption if t ∈ (0, T ). Together with the continuity of s|(0, t), cf. Lemma 7.5, this implies
that s is positive on (0, T ). Finally, c1|[−r, r] is r6 -almost minimizing by (7.3), and hence
s(t) ≤ t+ l(t)+ r6 < r6 + 2r3 + r6 = r. Similarly, we see that L(γt) < 2r, so that γt is contained
in B(p, r). Next, our assumption, Lemma 7.6, and condition (7.2), imply that γt is free of
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double points. For t → 0 the curves γt contract to p. This shows that γt is a simple closed
curve that is contractible in B(p, r). So standard topological results show that γt bounds a
topological disk ∆t ⊆ B(p, r). Since the curves γt do not intersect c0([−r, 0]) we see that in
fact ∆t ⊆ B(p, r)\c0([−r, 0]). This implies that the inner angle of ∆t at p is ∢(c˙0(0), c˙1(0)),
as opposed to 2π − ∢(c˙0(0), c˙1(0)). Since z(0) and c˙1(0) point to the same side of c0 we can
conclude that θ = π−∢(c˙0(0), z(t)) is the inner angle of ∆t at c0(t) = cz(t)(0). Denoting the
inner angle of ∆t at cz(t)(l(t)) = c1(s(t)) by α(t) we use the Gauss-Bonnet formula and (7.1)
to estimate
∢(c˙0(0), c˙1(0)) + θ + α(t) − π =
∫
∆t
K dvol2 ≤
∫
B(p,r)
|K| dvol2 < ε0.
This implies α(t) < π2 by (7.4) and (7.5).
The next lemma shows that the assumption “cz(t)|[0, l(t)] does not intersect c0([−r, r]) for all
t ∈ (0, T )” can be deleted from Lemma 7.7.
Lemma 7.8 Assume that T ∈ (0, r6 ) and l(t) < 2r3 for all t ∈ (0, T ). Then cz(t)|[0, l(t)] does
not intersect c0([−r, r]) for any t ∈ (0, T ).
Proof: We argue by contradiction and assume that t0 = inf{t ∈ (0, T )|cz(t)|[0, l(t)] intersects
c0([−r, r])} < ∞. Standard Riemannian geometry shows that t0 > 0. Since c0([−r, r]) is
compact and l is continuous at t0, see Lemma 7.5, there exists the minimal s0 ∈ (0, l(t0)]
such that cz(t0)(s0) ∈ c0([−r, r]). As in the proof of Lemma 7.5 we see that actually cz(t0)(s0) ∈
c0((−r, r)). We apply Lemma 7.4 to c¯ = c0 and α(t, s) = cz(t)(s), and conclude that cz(t0)(s)
and c0((−r, r)) intersect transversely at s = s0. If s0 < l(t0), this transversality together
with the continuity of l at t0 imply a contradiction to the definition of t0. Hence it remains
to exclude the case s0 = l(t0). In this case the geodesic cz(t0) intersects c0 at cz(t0)(l(t0)) ∈
c1([−r, r]). So, by (7.2), we have cz(t0)(l(t0)) = p. Note that the assumptions of Lemma 7.7
are satisfied if we take T = t0 in Lemma 7.7. Hence, for t ∈ (0, t0), the geodesic cz(t)(s)
intersects c1([−r, r]) at cz(t)(l(t)) = c1(s(t)) with angle α(t) = ∢
(
c˙z(t)(l(t)), c˙1(s(t))
)
< π2 .
Finally, we will show that this contradicts the fact that cz(t)([0, l(t)]) ∩ c0([−r, r]) = ∅ for
t ∈ (0, t0). Indeed, if ti is a sequence in (0, t0) with lim ti = t0, then lim cz(ti)(l(ti)) = p,
lim s(ti) = 0, and ∢
(
c˙z(ti)(l(ti)), c˙1(s(ti))
)
= α(ti) <
π
2 . Since ∢(c˙0(0), c˙1(0)) < ε0 <
π
2 by
(7.4), and lim l(ti) = l(t0) > 0, standard Riemannian geometry implies that for sufficiently
large i ∈ N the geodesics cz(ti) intersect c0([−r, r]) (at parameter values si ∈ (0, l(ti)) with
lim(l(ti)− si) = 0). Since ti ∈ (0, t0) this contradicts the definition of t0.
Lemma 7.9 Assume that T ∈ (0, r6) and l(t) < 2r3 for all t ∈ (0, T ). Then, for all t ∈ (0, T )
l(t) ≤ 2d∆t(c0(t), c1([0, s(t)])) ≤ 2t,
where d∆t denotes the inner metric of the triangle ∆t from Lemma 7.7.
Proof: First note that, according to Lemma 7.8, Lemma 7.7 can be applied in our situation.
For t ∈ (0, T ) we define dt : [0, l(t)] → [0,∞) by dt(s) = d∆t
(
cz(t)(s), c1([0, s(t)])
)
. In
particular, we have dt(0) = d
∆t
(
c0(t), c1([0, s(t)])
) ≤ t and dt(l(t)) = 0. Using the Gauss-
Bonnet formula we will prove that
(7.6) (dt)
′(s) < −1
2
,
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whenever dt is differentiable at s ∈ (0, l(t)). Using the Lipschitz continuity of dt and (7.6),
we will obtain our claim from the following obvious estimate
0 = dt(l(t)) = dt(0) +
∫ l(t)
0
(dt)
′(s) ds < dt(0)− 1
2
l(t).
To prove (7.6) first note that ∆t is locally convex since all inner angles of ∆t are smaller than
π by Lemma 7.7. Hence, for all s ∈ [0, l(t)], there exists a shortest connection cs from cz(t)(s)
to c1([0, s(t)]) in ∆t, i. e. c
s : [0, dt(s)]→ ∆t is an injective geodesic such that cs(0) = cz(t)(s)
and cs(dt(s)) ∈ c1([0, s(t)]), say cs(dt(s)) = c1(σ(s)) with σ(s) ∈ [0, s(t)]. Since the inner
angles of ∆t at p and at c1(s(t)) are smaller than
π
2 by (7.4) and Lemma 7.7, we have in fact
σ(s) ∈ (0, s(t)) for s ∈ [0, l(t)]. By the first variation formula this implies that cs intersects
c1 orthogonally at c
s(dt(s)) = c1(σ(s)). The geodesic c
s divides ∆t into a geodesic triangle,
and a quadrangle Q with inner angles ∢(c˙0(0), c˙1(0)) at p, θ at c0(t),
π
2 at c1(σ(s)) and an
angle β(s) ∈ (0, π) at cz(t)(s). Using (7.1) we estimate β(s) as follows:
∢(c˙0(0), c˙1(0)) + θ + β(s) +
π
2
− 2π =
∫
Q
K dvol2 ≥ −
∫
B(p,r)
|K| dvol2 > −ε0.
Since ∢(c˙0(0), c˙1(0)) < ε0 =
π
24 by (7.4), and θ <
3π
4 by (7.5), we obtain
β(s) >
3π
2
− θ − 2ε0 > 2π
3
and, hence,
(7.7) cos β(s) < −1
2
.
In order to apply the first variation formula we choose a point q on cs((0, dt(s)]) that is not
conjugate to cs(0) along cs. For h ∈ (0, l(t) − s) we can estimate
dt(s+ h) ≤ d∆t(c1(σ(s)), cz(t)(s+ h)) ≤ d∆t(c1(σ(s)), q) + d∆t(q, cz(t)(s+ h)).
Now we use dt(s) = d
∆t(c1(σ(s)), q) + d
∆t(q, cz(t)(s)), and conclude that
(7.8) dt(s+ h)− dt(s) ≤ d∆t(q, cz(t)(s+ h)) − d∆t(q, cz(t)(s)).
Since q is not conjugate to cs(0) = cz(t)(s) along c
s we can apply the first variation formula
and obtain
(7.9) lim
h→0
d∆t(q, cz(t)(s + h)) − d∆t(q, cz(t)(s))
h
= cos β.
Finally, (7.7)–(7.9) imply (7.6) at points s of differentiability of dt.
Proof of Proposition 7.1: We will show that l(t) < 2r3 holds for all t ∈ (0, r6). Then our
claim will follow from Lemmas 7.8, 7.7 and 7.9. Set T ∗ = sup{T ∈ (0, r6)|l|(0, T ) < 2r3 }. We
will prove that T ∗ = r6 . Note first that conditions (7.4) and (7.5), together with standard
Riemannian geometry, show that T ∗ > 0. Now Lemma 7.9 implies that l(t) ≤ 2t < r3 for all
t ∈ (0, T ∗). So, if T ∗ < r6 , then l(T ∗) ≤ r3 by the lower semicontinuity of l, and Lemma 7.5
implies that l(t) < 2r3 for all t in a neighborhood of T
∗, in contradiction to the definition of
T ∗. Hence we have T ∗ = r6 , i. e. l(t) <
2r
3 for all t ∈ (0, r6). Finally, the r6 -almost minimality
of c1, see (7.3), implies that s(t) ≤ t+ l(t) + r6 < 2r3 , since l(t) ≤ 2t < r3 by Lemma 7.9.
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8 Existence of totally geodesic surfaces
We consider a sequence of isometric immersions fi : (Fi, gi) → (M,g) of complete Rieman-
nian surfaces into a compact Riemannian manifold that satisfy our standard assumptions,
namely |Ai|2 ∈ L1(Fi) and the mean values 〈|Ai|2〉 =
∫
Fi
|Ai|2 dvoli2/voli2(Fi) converge to
zero for i → ∞. Using the results from Sect. 2 and Propositions 4.2, 5.5, 7.1 and Corollary
6.2, we will prove the existence of totally geodesic surfaces within the set of limit points of
the sequence fi(Fi) ⊆ M . The surfaces that we find here have small diameter and are not
complete. In Sect. 10 we will prove a global version of this result that implies the existence
of complete, totally geodesic, immersed surfaces in M .
We let k > 0 denote an upper bound for the absolute value of the sectional curvature of
(M,g). In this section we fix a radius r > 0 satisfying the following two conditions:
r is smaller than the injectivity radius of (M,g), and(8.1)
2π(cosh(
√
kr)− 1) < ε0 = π
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.(8.2)
Recall that SE denotes the unit sphere of a euclidean vector space E.
Proposition 8.1 Let qi ∈ Fi be a sequence satisfying the following assumptions:
The limits lim fi(qi) = q ∈M and lim dfi(TqiFi) = E ∈ G2(TMq) exist.(8.3)
lim
i→∞
∫
B(qi,r)
|Ai|2 dvoli2 = 0.(8.4)
There exists a sequence εi ↓ 0 such that qi ∈ Gεi,r(|Ai|2).(8.5)
Let B denote the set of vectors w ∈ E of length |w| < r6 . Then NE( r6) = expMq (B) is a
2-dimensional totally geodesic submanifold of (M,g).
Proof: To ease notation we denote NE( r6 ) by N . Given s ∈ (0, r6 ), θ ∈
(
π
2 + ε0,
3π
4
)
and vectors w0 ∈ SE and z ∈ P cw00,s (SE) satisfying 〈c˙w0(s), z〉 = cos(π − θ), we will prove
that cz(σ) ∈ N for all sufficiently small σ > 0. This will imply that Tcw0 (s)N = P
cw0
0,s (E),
and that N is totally geodesic. Let I ⊆ SE denote the interval consisting of all w ∈ SE
for which 0 < ∢(w,w0) < ε0 and 〈z, P cw00,s (w)〉 > 0, and let w ∈ I. Since εi ↓ 0 and
qi ∈ Gεi,r(|Ai|2) we can use (3.3) to find (εi, r)-good sequences w0i ∈ SqiFi and wi ∈ SqiFi
such that lim dfi(w
0
i ) = w0 and lim dfi(wi) = w. Similarly, using Lemma 5.1(c) and (3.4) we
can find a sequence si → s and an (εi, r)-good sequence zi ∈ Sc
w0
i
(si)
Fi with lim dfi(zi) = z.
We intend to apply Proposition 7.1 to the situation where F = Fi, p = qi, c0 = cw◦i , c1 = cwi ,
and t = si, so that z(t) = zi. So we have to show that assumptions (7.1)–(7.5) of Proposition
7.1 are satisfied for almost all i ∈ N. From Corollaries 2.3, 2.4 and 2.2 and condition (8.1)
we see that assumptions (7.2) and (7.3) hold for almost all i ∈ N, while (7.4) and (7.5) follow
directly from our assumptions on w0, w and z. Finally (7.1), i. e.
∫
B(qi,r)
|Ki| dvoli2 < ε0,
holds for almost all i ∈ N by Corollary 6.5 and conditions (8.2) and (8.4). So, for almost
all i ∈ N, Proposition 7.1 provides numbers 0 ≤ li ≤ 2si < 13r and σi ∈ (0, r) such that
czi(li) = cwi(σi). Let l ∈ [0, r3 ] and σ ∈ [0, r] be limit points of the sequences li resp. σi.
Then Lemma 5.1(a) implies that cz(l) = cw(σ). By (8.1) there is only one l ∈ [0, r3 ] such
23
that cz(l) ∈ cw([0, r]), and l > 0 since cz(0) = cw0(s) /∈ cw([0, r]).
Hence we obtain a continuous function l : I → [0, r3 ] mapping w ∈ I to the unique number
l(w) ∈ (0, r3 ] satisfying cz(l(w)) ∈ cw([0, r]). Obviously, the function l can be continuously
extended to w0 ∈ ∂I by setting l(w0) = 0. Since dM (q, cz(l(w))) ≤ s + l(w), we see that
cz(l(w)) ∈ cw([0, r6 ]) ⊆ N if s + l(w) < r6 . Since s < r6 and l is continuous we conclude that
cz(σ) ∈ N for all sufficiently small σ > 0.
Using Proposition 4.2 and Corollary 6.2 we can find a subsequence of the Fi called Fi again,
and many sequences qi ∈ Fi, such that the conditions (8.4) and (8.5) are satisfied. Since M
is compact condition (8.3) holds for appropriate subsequences of such sequences qi ∈ Fi. In
particular, due to Corollary 6.4, the following corollary to Proposition 8.1 proves the existence
of totally geodesic surfaces in M .
Corollary 8.2 Let pi ∈ Fi be a principal sequence and E = limi→∞ dfi(TpiFi) ∈ G2(TMp).
For v ∈ SE and t ≥ 0 consider q = cv(t) and Eq = P cv0,t(E), and let Bq denote the set of
vectors w ∈ Eq with |w| < r6 . Then NEq
(
r
6
)
= expMq (Bq) is a totally geodesic submanifold of
(M,g).
Proof: We use Proposition 5.5 to find a sequence ti with lim ti = t and an (εi, Ri)-good
sequence vi ∈ SpiFi such that lim dfi(vi) = v and such that cvi(ti) ∈ Gεi,Ri(|Ai|2) holds for
all i ∈ N, where εi ↓ 0, Ri → ∞. Then Lemma 5.1 implies that lim fi ◦ cvi(ti) = cv(t) = q
and lim dfi(Tcvi (ti)Fi) = Eq. Hence the sequence qi = cvi(ti) satisfies assumptions (8.3)–(8.5),
so that our claim follows from Proposition 8.1.
9 Hausdorff convergence and convergence of distance func-
tions
The results of the previous section prove the existence of a totally geodesic surface N in the
ambient manifold M , but they do not treat the question of convergence.
Here we prove that, under the assumptions of Proposition 8.1 and for sufficiently small ̺ > 0,
the sequence fi(B(qi, ̺)) of fi-images of intrinsic metric balls in Fi converge to N ∩B(q, ̺) in
the Hausdorff sense. Moreover, for every principal sequence pi ∈ Fi and for every R > 0, we
show that the difference di(x, y) − dM (fi(x), fi(y)) ≥ 0 becomes uniformly small for i → ∞
on the sets {(x, y) ∈ B(pi, R) × B(pi, R)|di(x, y) < ̺}. Here and in the sequel di denotes
the inner distance on Fi induced by the metric gi = f
∗
i g (where d
i(x, y) = ∞ if x and y lie
in different components of Fi). All this depends on the fact that the geodesic triangles ∆t
constructed in Proposition 7.1 are thin if the angle between the sides c0 and c1 is small.
Here thinness means that every point in ∆t has small distance from c0 and c1. This will
show that, for sufficiently small ̺ > 0, the sets Ci(̺) = {cv(t)|v ∈ Vi, |t| < ̺} are asymp-
totically dense in B(pi, ̺). This fact will be generalized to arbitrary ̺ > 0 in Proposition
9.12. Proposition 9.12 will play an important role in the proof of the global results in Sect. 10.
We will need the following fact from local Riemannian geometry on the thinness of geodesic
trigons in the ambient manifold M . This fact can be proved by a blow-up of the metric
or – with more explicit constants – by the Rauch comparison theorem. In the following a
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geodesic trigon (c0, c, c1, ) in M will consist of geodesics c0 : [0, l0] → M , c : [0, l] → M and
c1 : [0, l1]→M satisfying c0(0) = c1(0), c0(l0) = c(0) and c1(l1) = c(l).
Lemma 9.1 Let M be a compact Riemannian manifold. Then there exists r˜ > 0 such
that for every η > 0 there exists δ > 0 such that the following holds: If (c0, c, c1) is a
geodesic trigon in M with all side lengths smaller than r˜, and angles ∢(c˙0(0), c˙1(0)) < δ and
∢(c˙0(l0), c˙(0)) ∈ [π4 , 11π24 ], then l < η.
Note: We will need this lemma only in the case that ∢(c˙0(l0), c˙(0)) ∈ [π4 , 11π24 = π2 − ε0], but
obviously it suffices that ∢(c˙0(l0), c˙(0)) is uniformly bounded away from 0 and π.
For the remainder of the paper we fix a radius r > 0 satisfying (8.1) and (8.2) and smaller
than the constant r˜ from Lemma 9.1.
Recalling the situation assumed in Proposition 8.1 we consider a sequence qi ∈ Fi satisfying
(8.3)–(8.5), in particular lim fi(qi) = q ∈ M and lim dfi(TqiFi) = E ∈ G2(TMq). For the
first part of this section we fix a (small) number η > 0 and, for this η > 0, we fix an angle
δ > 0 according to Lemma 9.1. Now we describe the construction of the geodesic triangles
∆i ⊆ B(qi, r) whose (2η)-thinness we will prove in Proposition 9.4. We start from two vectors
w0, w1 ∈ SE satisfying
(9.1) 0 < ∢(w0, w1) < δ.
Using Lemma 3.4 we choose sequences wi0, w
i
1 ∈ SqiFi such that lim dfi(wi0) = w0,
lim dfi(w
i
1) = w1 and such that the following statements (9.2) and (9.3) hold for the sequence
εi ↓ 0 from Proposition 4.2. Note that r2(ε) = ε/2.
(9.2)
∫ r
−r
|Ai|2 ◦ cwi
j
(τ) dτ < εi for j ∈ {0, 1}.
There is a
√
εi-dense subset Ji ⊆ [−r, r] with the following property:(9.3)
For every t ∈ Ji, the set {z ∈ Sc
wi
0
(t)Fi|
∫ r
−r
|Ai|2 ◦ cz(τ) dτ < εi}
is
√
εi
2
-dense in Sc
wi
0
(t)Fi.
We denote cwi0
by ci0 and cwi1
by ci1. For every angle θ ∈
(
π
2 + ε0,
3π
4
)
we let zi(t, θ) denote
the parallel unit vector field along ci0(t) such that ∢(zi(t, θ), c˙
i
0(t)) = π − θ and such that
zi(0, θ) and c˙
i
1(0) point to the same side of c
i
0. The geodesics czi(t, θ) will be denoted by
ci(t,θ). We want to apply Proposition 7.1 to the case where F = Fi, p = qi, c0 = c
i
0, c1 = c
i
1
and cz(t) = c
i
(t,θ). From the proof of Proposition 8.1 we know that the conditions (7.1)–(7.4)
assumed in Proposition 7.1 hold for almost all i ∈ N. Moreover, condition (7.5) is just our
assumption that θ ∈ (π2 + ε0, 3π4 ).
Hence Proposition 7.1 applies for almost all, say for all i ∈ N. So we obtain functions
li :
(
0, r6
)× (π2 + ε0, 3π4 )→ (0, r3) and si : (0, r6)× (π2 + ε0, 3π4 )→ (0, 2r3 ) such that
ci(t,0)(li(t, θ)) = c
i
1(si(t, θ)).
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From (9.3) we obtain:
For almost all, say for all i ∈ N, the set
(9.4) Qi = {(t, θ) ∈
(
0,
r
6
)
×
(
π
2
+ ε0,
3π
4
)
|
∫ r
−r
|Ai|2 ◦ ci(t,θ)(τ) dτ < εi}
is (2
√
εi)-dense in
(
0, r6
)× (π2 + ε0, 3π4 ) with the metric |t− t′|+ |θ − θ′|.
The following lemma is a consequence of Lemma 9.1.
Lemma 9.2 lim supi→∞(li|Qi) ≤ η.
Proof: Otherwise there exists ε > 0 and a subsequence, say the original sequence, and
points (ti, θi) ∈ Qi such that li(ti, θi) ≥ η + ε. We may assume that lim(ti, θi) = (t, θ) ∈[
0, r6
] × [π2 + ε0, 3π4 ], lim li(ti, θi) = l ∈ [η + ε, r3 ] and lim si(ti, θi) = s ∈ [0, 2r3 ] exist. Since
(ti, θi) ∈ Qi we know from Lemma 5.1(a) that the curves fi ◦ ci(ti,θi)|[0, li(ti, θi)] converge to a
geodesic ct in M while for j ∈ {0, 1}, the curves fi ◦ cij |[−r, r] converge to cwj |[−r, r], and the
convergence is uniform in the C1-topology. This implies that ct(0) = cw0(t), ct(l) = cw1(s),
and ∢(c˙w0(t), c˙t(0)) = π − θ ∈ [π4 , π2 − ε0]. Since ∢(c˙w0(0), c˙w1(0)) < δ by (9.1), and t ≤ r6 ,
η < l ≤ r3 , s ≤ 2r3 , these properties of the geodesic trigon (cw0 |[0, t], ct, cw1 |[0, s]) in M
contradict Lemma 9.1.
Using (9.4) we find a sequence (̺i, θi) ∈ Qi such that lim ̺i = r6 . From Proposition 7.1
we obtain (for almost all i ∈ N) topological disks ∆i ⊆ B(qi, r) bounded by (ci0|[0, ̺i]) ∗
(ci(̺i,θi)|[0, li(̺i, θi)]) ∗ (ci1|[0, σi])−1, where σi = si(̺i, θi) ∈ (0, 2r3 ).
Lemma 9.3 lim supi→∞(maxt∈[0,̺i] d
∆i(ci0(t), c
i
1([0, σi]))) ≤ 2η.
Proof: Let ti be an arbitrary sequence of points in [0, ̺i]. Using (9.4) we can find a sequence
(τi, ϕi) ∈ Qi such that τi < ̺i and lim |τi − ti| = 0. If the geodesic ci(τi,ϕi)|[0, li(τi, ϕi)] is
contained in ∆i, we have
d∆i(ci0(ti), c
i
1([0, σi]) ≤ |ti − τi|+ li(τi, ϕi).
Otherwise this geodesic intersects the side ci(̺i,θi)|[0, li(̺i, θi)] of ∆i, so that
d∆i(ci0(ti), c
i
1([0, σi]) < |ti − τi|+ li(τi, ϕi) + li(̺i, θi).
The preceding inequalities imply
lim sup
i→∞
d∆i(ci0(ti), c
i
1([0, σi])) ≤ 2 lim sup
i→∞
(li|Qi).
Hence our claim follows from Lemma 9.2.
Proposition 9.4 The geodesic triangles ∆i ⊆ B(qi, r) ⊆ Fi defined before Lemma 9.3 satisfy
lim sup
i→∞
(max
q∈∆i
d∆i(q, ci1([0, σi]))) ≤ 2η.
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Proof: On ∆i we consider the distance function fi from c
i
1([0, σi]), fi : ∆i → [0,∞),
fi(q) = d
∆i(q, ci1([0, σi]). We will show that, in the sense of distance functions, all q ∈ Int(∆i)
are regular points of fi, cf. [20], Sect. 11.1. I. e. we have to show that all initial vectors of
shortest geodesics in ∆i from q to c
i
1([0, σi]) are contained in some open semicircle of SqF .
This will prove that fi attains its maximum on ∂∆i, so that our claim follows from Lemmas
9.2 and 9.3. Since ∆i is locally convex we can find, for every q ∈ ∆i\ci1([0, σi]), a geodesic
c : [0, fi(q)]→ ∆i such that c(0) = q and fi◦c(t) = fi(q)−t for all t ∈ [0, fi(q)]. In particular,
we have c(fi(q)) = c
i
1(s) for some s ∈ (0, σi) and, hence, 〈c˙(fi(q)), c˙i1(s)〉 = 0. Now suppose
that c˜ : [0, fi(q)] → ∆i is a second shortest connection from q to ci1([0, σi]). Then c and c˜
intersect only at q, so that c, c˜ and a segment on ci1((0, σi)) bound a geodesic triangle ∆ ⊆ ∆i
with right angles at c(fi(q)) and c˜(fi(q)). Hence the Gauss-Bonnet formula implies that
∢(c˙(0), ˙˜c(0)) =
∫
∆
Ki dvol
i
2 ≤
∫
B(qi,r)
|Ki| dvoli2.
As noted already in the proof of Proposition 8.1, Corollary 6.4 together with conditions (8.2)
and (8.4) imply that
∫
B(qi,r)
|Ki| dvoli2 < ε0 = π24 holds for almost all, say all, i ∈ N. Hence
the initial vectors of ∆i-shortest connections from q to c
i
1([0, σi]) all lie in an angular sector
of length π24 . This shows that q is a regular point of fi in the sense of distance functions.
Given η > 0, and a corresponding δ > 0, and vectors w0, w1 ∈ SE with ∢(w0, w1) < δ,
we constructed a sequence of geodesic triangles ∆i ⊆ B(qi, r) ⊆ Fi that are asymptotically
(2η)-thin, i. e. such that Proposition 9.4 holds. Moreover, every side c of a triangle ∆i
satisfies
∫ r
−r |Ai|2 ◦ c(τ) dτ < εi. To be precise, the ∆i are only defined for sufficiently large
i ∈ N. We will call such a sequence η-good.
Lemma 9.5 For every η > 0 there exist N ∈ N and η-good sequences of geodesic triangles
∆ji , 1 ≤ j ≤ N , such that B(qi, r6 − 3η) ⊆
⋃N
j=1∆
j
i holds for almost all i ∈ N.
Proof: Given η > 0 we choose δ > 0 according to Lemma 9.1, and cyclically ordered
vectors w0, . . . wN−1, wN = w0 on SE such that 0 < ∢(wj−1, wj) < δ holds for all j ∈
{1, . . . , N}. For every pair (wj−1, wj), 1 ≤ j ≤ N , we choose an η-good sequence of triangles
∆ji . The sides of ∆
j
i will be denoted by c
j−1
i , cij and c¯
j
i , where limi→∞ dfi(c˙
j−1
i (0)) = wj−1,
limi→∞ dfi( ˙¯c
j
i (0)) = wj , and L(c
j−1
i ) = ̺
j−1
i ∈ (0, r6) with limi→∞ ̺j−1i = r6 , L(c¯ji ) = σji ∈
(0, 2r3 ), and lim supi→∞L(cij) ≤ η by Lemma 9.2. We may assume that c¯ji and cji are
part of the same geodesic, i. e. ˙¯cji (0) = c˙
j
i (0) holds for j ∈ {1, . . . , N} and ˙¯cNi (0) = c˙0i (0).
This implies that cji ([0,min{̺ji , σji }]) ⊆ Int(
⋃N
k=1∆
k
i ) holds for all j ∈ {1, . . . , N − 1} and
c0i ([0,min{̺0i , σNi }]) ⊆ Int(
⋃N
k=1∆
k
i ). For i→∞ the geodesics cj−1i and c¯ji are asymptotically
minimizing, and hence r6 = limi→∞ ̺
j−1
i ≤ lim inf i→∞ σji + η. So min{̺ji , σji } > r6 − 2η and
min{̺0i , σNi } > r6−2η hold for j ∈ {1, . . . , N} and almost all i ∈ N. Using lim supi→∞L(cij) ≤
η and the asymptotic minimality of the cj−1i and c¯
j
i again, we can conclude that for all
j ∈ {1, . . . , N} and almost all i ∈ N, all points in ∂∆ji\Int(
⋃N
k=1∆
k
i ) have distance at least
r
6 − 3η from qi. Hence ∂(
⋃N
i=1∆
j
i )∩B(qi, r6 − 3η) = ∅ holds for almost all i ∈ N. This proves
our claim since B(qi,
r
6 − 3η) is connected and qi ∈ Int(
⋃N
j=1∆
j
i ).
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Theorem 9.6 Let qi ∈ Fi be a sequence satisfying the conditions (8.3)–(8.5) in Proposition
8.1. Then, for every ̺ ∈ (0, r6), the sequence of compact sets fi(B(qi, ̺)) ⊆ M converges to
NE(̺) = {cw(t)|w ∈ SE, t ∈ [0, ̺]} with respect to the Hausdorff metric induced by dM .
Remark 9.7 The set NE(̺) is the closed metric ball of radius ̺ around q in the totally
geodesic surface NE( r6 ) from Proposition 8.1.
Proof: If x ∈ NE(̺) then x = cw(t) for some w ∈ SE, t ∈ [0, ̺]. Since qi ∈ Gεi,r(|Ai|2) by
(8.5) and lim dfi(TqiFi) = E by (8.3), we can find an (εi, r)-good sequence of geodesics cwi
such that wi ∈ SqiFi and lim fi ◦ cwi(t) = cw(t) = x. Hence x is the limit of the sequence
fi ◦ cwi(t) ∈ fi(B(qi, ̺)). It remains to prove that every limit point of a sequence fi(xi)
with xi ∈ B(qi, ̺) lies in NE(̺). Assume to the contrary that there exist xi ∈ B(qi, ̺)
such that x = lim fi(xi) /∈ NE(̺). Choose η > 0 smaller than 14 min{ r6 − ̺, dM (x,NE(̺))}.
Then Lemma 9.5 and Proposition 9.4 imply that there exist geodesics ci : [0,
2r
3 ] → Fi with
ci(0) = pi and parameter values si ∈
(
0, 2r3
)
such that
(9.5) lim sup
i→∞
di(xi, ci(si)) ≤ 2η,
and such that the ci are asymptotically minimizing and fi ◦ ci|[0, r6) converge compactly to a
geodesic c : [0, r6)→ NE( r6). Hence we have lim supi→∞ si ≤ ̺+ 2η, so that we may assume
that s = lim si ∈ [0, ̺ + 2η] exists and lim fi ◦ ci(si) = c(s). Since fi : (Fi, di) → (M,dM )
is distance-nonincreasing we can use (9.5) to conclude that dM (x, c(s)) ≤ 2η. Together with
s ∈ [0, ̺+ 2η] this implies that dM (x,NE(̺)) < 4η, and this contradicts our choice of η.
Given sequences of subsets Ci and Bi of Fi we recall that the Ci are called asymptotically
dense in Bi if lim supi→∞(supx∈Bi d
i(x,Ci)) = 0.
Next we consider a principal sequence pi ∈ Fi, cf. Notation 4.3. Note that the sets Vi ⊆ SpiFi
from Proposition 4.2 are asymptotically dense in SpiFi. In Proposition 9.12 we will show that,
for every R > 0, the sets
Ci(R) = {cv(t)|v ∈ Vi, |t| < R}
are asymptotically dense in B(pi, R). As a consequence of Proposition 9.4 and Lemma 9.5
we have the following preliminary result.
Lemma 9.8 If ̺ ∈ (0, r6 ] then Ci(̺) is asymptotically dense in B(pi, ̺).
Proof: By the definition of a principal sequence, conditions (8.3)–(8.5) are satisfied for
the sequence pi, so that Proposition 9.4 and Lemma 9.5 apply for qi = pi. Moreover, we
may assume that the initial vectors wji = c˙
j
i (0) ∈ SpiFi of the sides cji of ∆ji are in Vi for
j ∈ {1, . . . , N} and almost all i ∈ N. Hence, for every η > 0, there exists i0 ∈ N such that the
following holds for i ≥ i0. For every q ∈ B(pi, ̺) there exists w ∈ Vi and s ∈ (0, 2r3 ) such that
di(q, cw(s)) < 3η and cw|[0, 2r3 ] is η-minimizing. This last property implies that s < ̺ + 3η,
hence supq∈B(pi,̺) d
i(q, Ci(̺+ 3η)) ≤ 3η. This implies that, for i ≥ i0,
sup
q∈B(pi,̺)
di(q, Ci(̺)) ≤ 6η.
Similarly, we obtain the following preliminary result on the convergence of di(x, y) −
dM (fi(x), fi(y)) to zero.
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Lemma 9.9 Under the assumptions of Proposition 8.1 the difference di(qi, x) −
dM (fi(qi), fi(x)) converges to zero uniformly on B(qi,
r
6).
Proof: By Corollary 2.2 and Lemma 5.1(a) there exists a sequence δi ↓ 0 such that
di(qi, cw(t)) ≤ dM (fi(qi), fi(cw(t))) + δi holds for all t ∈ [0, r6 ) and all w ∈ SqiFi satisfy-
ing
∫ r
0 |Ai|2 ◦ cw(τ) dτ < εi. As in the proof of Lemma 9.8 we see that the sets of such points
cw(t) are asymptotically dense in B(qi,
r
6 ). Hence, given a sequence xi ∈ B(qi, r6), we can find
ti ∈ [0, r6) and wi ∈ SqiFi satisfying
∫ r
0 |Ai|2 ◦ cwi(τ) dτ < εi such that lim di(xi, cwi(ti)) = 0.
So, we have
di(qi, xi) ≤ di(qi, cwi(ti)) + di(cwi(ti), xi) ≤
dM (fi(qi), fi(xi)) + d
M (fi(xi), cwi(ti)) + δi + d
i(cwi(ti), xi).
Since fi is distance-nonincreasing, δi ↓ 0, and lim di(cwi(ti), xi) = 0, this implies
lim(di(qi, xi)− dM (fi(qi), fi(xi)) = 0.
Lemma 9.10 Let pi ∈ Fi be a principal sequence, and assume that R > 0 is such that Ci(R)
is asymptotically dense in B(pi, R). Then the difference d
i(x, y)− dM (fi(x), fi(y)) converges
to zero uniformly on the sets (B(pi, R)×B(pi, R + r6)) ∩ {(x, y)|di(x, y) < r6}.
Proof: Let (xi, yi) ∈ B(pi, R) × B(pi, R + r6 ) satisfy di(xi, yi) < r6 . By assumption there
exist points qi ∈ Ci(R) such that lim di(xi, qi) = 0. According to Proposition 4.2(b3)
we may assume that qi ∈ Gεi,Ri(|Ai|2), so that condition (8.5) is satisfied for the se-
quence qi. Moreover, condition (8.4) holds by Proposition 4.2(a2), and we may assume
that also condition (8.3) holds. Hence we can apply Lemma 9.9 to the sequence qi and
obtain lim(di(qi, yi) − dM (fi(qi), fi(yi)) = 0. As in the proof of Lemma 9.9 this implies
lim(di(xi, yi)− dM (fi(xi), fi(yi))) = 0.
Lemma 9.11 Under the assumptions of Lemma 9.10, let ci : [0, li] → Fi be a sequence
of length-minimizing geodesics. Assume that ci([0, li]) ⊆ B(pi, R), or that ci(0) = pi and
li < R +
r
6 , and that l = limi→∞ li exists. Then a subsequence of the ci converges uniformly
to a geodesic c : [0, l]→M .
Note: We do not claim that dfi(c˙i(0)) converge to c˙(0).
Proof: By Arzela`-Ascoli’s theorem a subsequence of fi ◦ ci converges uniformly to a 1-
Lipschitz curve c : [0, l]→M . We will show that c satisfies dM (c(s), c(t)) = |s− t| whenever
s, t ∈ (0, l) and |s− t| < r6 . This will imply that c is a geodesic in M . If ci([0, li]) ⊆ B(pi, R),
and s, t are as above, then Lemma 9.10 implies that |s− t| = di(ci(s), ci(t)) = limi→∞ dM (fi ◦
ci(s), fi ◦ ci(t)) = dM (c(s), c(t)). If ci(0) = pi and li < R + r6 the preceding argument
shows that c|[0,min{l, R}] is a geodesic. Now, if l ∈ (R,R + r6), we consider s ∈ (0, R) and
t ∈ (R,R + r6) such that t − s < r6 . Then, for almost all i ∈ N, we have {s, t} ⊆ (0, li) and
ci(s) ∈ B(pi, R), ci(t) ∈ B(pi, R + r6) and di(ci(s), ci(t)) < r6 . So, as before, Lemma 9.10
implies that dM (c(s), c(t)) = t− s. Hence c is a geodesic on the whole interval [0, l].
Proposition 9.12 Let pi ∈ Fi be a principal sequence. Then the sets Ci(R) are asymptoti-
cally dense in B(pi, R) for every R > 0.
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Proof: Lemma 9.8 proves that our claim holds for every R ∈ (0, r6 ]. So, it suffices to prove
that Ci(R) is asymptotically dense inB(pi, R) provided R >
r
6 and Ci(R− r6) is asymptotically
dense in B(pi, R − r6). Otherwise we can find a subsequence, say the original sequence, and
points yi ∈ B(pi, R) such that lim inf i→∞ di(yi, Ci(R)) = ε > 0. Let ci : [0, li]→ B(pi, R) be
shortest geodesics from pi to yi. According to Lemma 9.11 we may assume that fi◦ci converge
uniformly to a geodesic c : [0, l]→M where l = limi→∞ li. Furthermore, we may assume that
condition (8.3) holds, i. e. lim fi(pi) = p and lim dfi(TpiF ) = E ∈ G2(TMp). Then Theorem
9.6 can be applied to the sequence pi. This implies that c([0,
r
6)) ⊆ N and hence c˙(0) ∈ E.
So there exist vi ∈ Vi such that lim dfi(vi) = c˙(0), and, consequently, fi ◦ cvi |[0, li] converge
uniformly to c. We intend to prove that lim di(ci(li), cvi(li)) = 0. This will contradict the
choice of yi = ci(li), since cvi(li) ∈ Ci(R). We know that fi◦ci and fi◦cvi |[0, li] both converge
uniformly to c, i. e. we have
(9.6) lim
i→∞
( max
t∈[0,li]
dM (fi ◦ ci(t), fi ◦ cvi(t))) = 0.
Ths functions gi : [0, li]→ [0,∞) defined by gi(t) = di(ci(t), cvi (t)) are Lipschitz with constant
2. Hence we may assume that the gi converge uniformly to a Lipschitz function g : [0, l] →
[0,∞). Since ci(0) = cvi(0) = pi for all i ∈ N, we have g(0) = 0. We will now show
that g(t) = 0 for all t ∈ [0, l], by proving that g(t) = 0 if t ∈ (0, l) and g(t) < r6 . From
Proposition 4.2(b3) we conclude that every t ∈ (0, l) is the limit of a sequence ti ∈ (0, l) for
which cvi(ti) ∈ Gεi,Ri(|Ai|2). Now, if g(t) = limi→∞ di(ci(ti), cvi(ti)) < r6 , then Lemma 9.9
together with (9.6) imply that g(t) = limi→∞ d
M (fi ◦ ci(ti), fi ◦ cvi(ti)) = 0. In particular, we
have 0 = g(l) = limi→∞ d
i(ci(li), cvi(li)).
As a consequence of Lemma 9.10 and Proposition 9.12 we obtain:
Corollary 9.13 For every R > 0 let Ωi(R) = {(x, y)|{x, y} ⊆ B(pi, R), di(x, y) < r6}. Then
lim
i→∞
( sup
(x,y)∈Ωi(R)
(di(x, y)− dM (fi(x), fi(y)))) = 0.
For reference in Sect. 11 we state the following simple lemma. The assumptions in this
lemma will be verified using Corollary 9.13.
Lemma 9.14 Suppose R > 0, η ∈ (0, r6), i ∈ N, and di(x, y) < dM (fi(x), fi(y)) + η holds
for all x, y ∈ B(pi, R) satisfying di(x, y) < r6 . Let γ, γ˜ : [0, T ] → B(pi, R) be continuous
curves such that di(γ(0), γ˜(0)) < r6 and such that d
M (fi(γ(t)), fi(γ˜(t))) <
r
6 − η holds for all
t ∈ [0, T ]. Then we have
di(γ(t), γ˜(t)) < dM (fi(γ(t)), fi(γ˜(t))) + η
for all t ∈ [0, T ].
Proof: First note that di(γ(0), γ˜(0)) < r6 implies that d
i(γ(0), γ˜(0)) <
dM (fi(γ(0)), fi(γ˜(0))) + η. Hence, if our claim does not hold, there exists t ∈ (0, T ] such
that di(γ(t), γ˜(t)) = dM (fi(γ(t)), fi(γ˜(t))) + η <
r
6 . This contradicts our assumption.
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10 Existence of totally geodesic laminations
In this section we globalize the local result Corollary 8.2 that only asserts the existence of small
pieces of totally geodesic surfaces. To overcome problems related to possible self-intersections
of totally geodesic surfaces we consider the situation in the Grassmann bundle of 2-planes
πG : G2M →M . Given a principal sequence pi ∈ Fi with limi→∞ dfi(TpiFi) = E ∈ G2M we
consider the closure S of the set NE = {Ecv(t)|v ∈ SE, t ≥ 0} ⊆ G2M , where Ecv(t) denotes
the parallel transport of E along the geodesic cv|[0, t] in M . We will find a 2-dimensional
lamination structure L on S such that NE is the leaf of L through E, and such that, for
every leaf N of L, the map πG|N : N → M is a totally geodesic immersion that induces
a complete metric on N . For the notion lamination structure we refer to [1], Sect. 2(D1).
Note that possibly L consists of only one compact, embedded leaf. If all the leaves of L are
noncompact, then L will have uncountably many leaves.
We briefly recall how k-dimensional, totally geodesic immersions into an m-dimensional Rie-
mannian manifold M are related to a k-dimensional distribution D in the tangent bundle of
the Grassmann bundle GkM . Since the Grassmann bundle πG : GkM →M is associated to
the principal O(m)-bundle of orthonormal frames there is a natural horizontal distribution
H ⊆ T (GkM) induced by the Levi-Civita` connection of g, cf. [11], Chapter II, pp. 87–88.
Explicitly H is given as follows. If E ∈ GkM and v ∈ TπG(E)M , choose a C1-curve γ : R→M
such that γ˙(0) = v, and let Eγ(t) = P
γ
0,t(E) denote the parallel transport of E = Eγ(0) along
γ|[0, t]. Then E˙γ(0) ∈ TE(GkM) is independent of the choice of γ with γ˙(0) = v, and defines
a linear map HE : TπG(E)M → TE(GkM), HE(v) = E˙γ(0), satisfying dπG ◦ HE(v) = v for
all v ∈ TπG(E)M . Then the (m-dimensional) horizontal distribution H ⊆ T (GkM) is given
by HE = HE(TπG(E)M) for all E ∈ GkM . Note that a C1-curve E : I → GkM is horizontal,
i. e. E˙(t) ∈ HE(t) for all t ∈ I, if and only if E(t) is parallel along πG ◦E(t). Now we consider
the k-dimensional distribution D ⊆ H defined by
DE = HE(E)
for all E ∈ GkM .
Note: We have V ∈ DE if and only if V ∈ HE and dπG(V ) ∈ E.
Lemma 10.1 Let j : N →M be a totally geodesic immersion of a connected, k-dimensional
manifold N , and define J : N → GkM by J(p) = dj(TpN). Then πG ◦ J = j and J is an
integral manifold of D, i. e. dJ(TpN) = DJ(p) for all p ∈ N . Conversely, if J : N → GkM
is an integral manifold of D, then πG ◦ J : N → M is a totally geodesic immersion and
J(p) = d(πG ◦ J)(TpN) for all p ∈ N .
Proof: Suppose first that j : N → M is a totally geodesic immersion and define J : N →
GkM by J(p) = dj(TpN). Let γ˜ be a C
1-curve in N and γ = j ◦ γ˜. Since j is a totally
geodesic immersion we see that J(γ˜(t)) = dj(Tγ˜(t)M) is parallel along γ. By the definition
of Hγ(t) this implies that (J ◦ γ˜).(t) ∈ HJ(γ(t)). This proves that dJ(TpN) ⊆ HJ(p) for all
p ∈ N . Additionally we have dπG ◦ dJ = dj, so that the note preceding Lemma 10.1 shows
that dJ(TpN) = DJ(p) for all p ∈ N . Conversely, suppose that J : N → GkM satisfies
dJ(TpN) = DJ(p) for all p ∈ N , and set j = πG ◦ J . Then we have for all p ∈ N
dj(TpN) = dπG(DJ(p)) = dπG(HJ(p)(J(p)) = J(p).
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In particular, j is an immersion. To see that j is totally geodesic note that, for every C1-curve
γ˜ in N, the curve
t→ dj(Tγ˜(t)N) = (J ◦ γ˜)(t) ∈ GkM
is horizontal, i. e. parallel along γ = j ◦ γ˜. This proves that j is totally geodesic.
For E ∈ GkM , v ∈ SE, and t ≥ 0, we let Ecv(t) ∈ GkM denote the parallel transport of E
along the geodesic cv |[0, t]. Motivated by Corollary 8.2 we consider the following condition
on E.
There exists ̺ > 0 such that, for all v ∈ SE and all t ≥ 0, expMcv(t)(10.1)
maps {w ∈ Ecv(t)||w| < ̺} onto a totally geodesic submanifold of M.
Proposition 10.2 Let (M,g) be a compact Riemannian manifold, and let E ∈ GkM satisfy
condition (10.1). Let S ⊆ GkM be the closure of the subset NE = {Ecv(t)|v ∈ SE, t ≥ 0} of
GkM . Then there exists a unique C
∞-lamination structure L on S with tangent distribution
D|S. NE is the leaf of L through E. If N is a leaf of L, then the map πG|N : N → M is a
totally geodesic immersion and the metric (πG|N)∗g induced on N is complete.
Proof: The lamination structure L on S will be provided by Proposition 2.7 in [1] once we
know that conditions (a) and (b) in this proposition hold in our situation. To prove this,
note that by condition (10.1) there exists a (piece of) integral manifold of D through every
E˜ ∈ S. In particular, if X,Y are sections of D → GkM and E˜ ∈ S, then [X,Y ]E˜ ∈ DE˜ ,
i. e. condition (a) in [1], Proposition 2.7 holds. Since the (piece of) integral manifold of D
through E˜ ∈ S is contained in S, we see that S is invariant under the flow of every section of
D → GkM , so that also condition (b) in [1], Proposition 2.7 is satisfied. If N ⊆ S is a leaf of
L, then πG|N : N → M is a totally geodesic immersion by Lemma 10.1. It is a general fact
for laminations in complete Riemannian manifolds that the metrics induced on the leaves are
complete. In our situation we can also argue that, for every E˜ ∈ S and every v ∈ SE˜, the
curve t→ E˜cv(t) is a geodesic with initial vector HE˜(v) in the leaf N˜ through E˜. This shows
also that NE = {Ecv (t)|v ∈ SE, t ≥ 0} is the leaf of L through E.
Here is the global version of our result on the existence of totally geodesic surfaces.
Theorem 10.3 Let fi : Fi → M be a sequence of isometric immersions of complete sur-
faces Fi into a compact Riemannian manifold (M,g), whose second fundamental forms Ai
satisfy |Ai|2 ∈ L1(Fi) and limi→∞〈|Ai|2〉 = 0. Let pi ∈ Fi be a principal sequence and E =
limi→∞ dfi(TpiFi) ∈ G2M . Let S denote the closure of the set NE = {Ecv (t)|v ∈ SE, t ≥ 0}
in G2M . Then there exists a two-dimensional C
∞-lamination structure L on S such that,
for every leaf N ⊆ S of L, the map πG|N : N →M is a totally geodesic immersion inducing
a complete metric on N .
Notes. 1) NE is a dense leaf of the lamination L.
2) See Corollary 6.4 for the existence of a principal sequence (in a subsequence of the Fi).
Remark 10.4 According to Proposition 4.2 and Lemma 5.1 every v ∈ SE is the limit of
a sequence dfi(vi) with vi ∈ Vi ⊆ SpiFi and Ecv(t) = limi→∞ dfi(Tcvi (t)Fi) for all t ≥ 0.
Similarly, if R > 0 and qi ∈ Ci(R) = {cv(t)|v ∈ Vi, t ∈ [0, R)} ⊆ Fi, then every limit plane
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of the sequence dfi(TqiFi) lies in NE . Since the Sobolev space W
2,2(R2) does not embed
continuously into C1(R2), this will in general not be true for every sequence qi ∈ B(pi, R) ⊆
Fi.
Proof of Theorem 10.3. By Corollary 8.2 condition (10.1) is satisfied for E and ̺ = r/6.
Hence our claim is a consequence of Proposition 10.2.
Using Proposition 9.12 we can also globalize the local result Theorem 9.6 on Hausdorff con-
vergence.
Theorem 10.5 Let pi ∈ Fi be a principal sequence and set p = limi→∞ fi(pi) ∈ M and
E = limi→∞ dfi(TpiFi) ∈ G2M . Then, for every R > 0, the sequence of compact sets
fi(B(pi, R)) ⊆ M converges to NE(R) = {cv(t)|v ∈ SE|t| ≤ R} ⊆ πG(NE) with respect
to the Hausdorff metric.
Note. According to Theorem 10.3 we have NE(R) = πG(N(E,R)), where N(E,R) denotes
the closed metric ball with center E and radius R in the leaf (NE , (πG|NE)∗g) of L.
Proof: The claim is a consequence of Corollary 5.3 together with Proposition 9.12.
11 Non-existence of leaves homeomorphic to S2 or RP 2
In this section we add the assumption
(11.1) The surfaces Fi are connected and lim
i→∞
voli2(Fi) =∞
to the assumptions made in Theorem 10.3. We prove that under these assumptions the
lamination L does not contain a compact leaf with finite fundamental group. This result
can be considered as a variant of Reeb’s stability theorem from the theory of foliations, see
[21]. Obviously, it is not true without the additional condition (11.1). In our case the idea
is roughly as follows. Given R > 0 and sufficiently large i ∈ N we can project fi|B(pi, R)
orthogonally to πG(NE). Using Corollary 9.13 one can see that these projections behave
roughly like covering maps. If NE is compact with finite fundamental group this implies
a uniform upper bound on diam(Fi), in contradiction to Corollary 6.2 and to assumption
(11.1). Instead of arguing directly along these lines we resort to M.Gromov’s generalization
of Hausdorff convergence. Using Proposition 9.12 we will show that a subsequence of
the sequence of pointed metric spaces (Fi, pi) converge to a connected, proper metric
space (Y, y0) with respect to pointed Gromov-Hausdorff convergence. Then we need a
variant of the Arzela`-Ascoli theorem to see that a subsequence of the fi converge to a map
f : (Y, y0) → (πG(N)), p), where N = NE denotes the leaf of L through E. By Corollary
9.13 this map f is locally isometric. Hence it lifts to a covering map f˜ : (Y, y0)→ (N,E). If
N is compact with finite fundamental group then lim supi→∞ diam(Fi) = diam(Y ) is finite,
in contradiction to Corollary 6.2 and our assumptions.
We will need the following consequence of Lemma 2.1:
Lemma 11.1 Let pi ∈ Fi be a principal sequence, let R > 0, and let L be a Lipschitz constant
for expMp |B(0p, R). Then there exists a sequence ηi ↓ 0 such that
dM (fi ◦ cv(t), fi ◦ cw(s)) ≤ L|tv − sw|+ ηi
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holds for all i ∈ N, all v,w ∈ Vi and all s, t ∈ [0, R].
Proof: Since v ∈ Vi implies
∫ Ri
−Ri
|Ai|2 ◦ cv(t) dt < εi, where Ri → ∞, εi ↓ 0, we can use
Lemma 2.1 to find a sequence ηi ↓ 0 such that dM
(
fi ◦ cv(t), expMp (tdfi(v))
)
< ηi2 holds for all
i ∈ N, v ∈ Vi and t ∈ [0, R].
Since |tv − sw| = |t dfi(v)− s dfi(w)| our claim follows from the preceding inequality and the
triangle inequality.
We recall that a sequence of compact metric spaces (Xi)i∈N is called uniformly compact if
the diameters of the Xi are uniformly bounded and if for every ε > 0 there exists N ∈ N such
that each Xi, i ∈ N, contains an ε-dense subset with at most N elements.
Lemma 11.2 Let pi ∈ Fi be a principal sequence. Then, for every R > 0, the sequence of
metric balls (B(pi, R))i∈N is uniformly compact. Here the B(pi, R) are considered as metric
subspaces of (Fi, d
i).
Proof: According to Proposition 9.12 it suffices to prove that the sequence Ci(R) ⊆ B(pi, R)
is uniformly compact. Now given ε ∈ (0, r6 ), we can find N ∈ N such that each of the
sets {tv|v ∈ V¯i, t ∈ [0, R]} ⊆ TpiFi contains an (ε/3L)-dense subset Wi with at most N
elements. Here L ≥ 1 denotes a Lipschitz constant for expMp |B(0p, R). We claim that for
sufficiently large i ∈ N the set expFipi (Wi) is ε-dense in Ci(R). Indeed, given q ∈ Ci(R)
there exist v ∈ V¯i and t ∈ [0, R] such that cv(t) = q, and w ∈ V¯i, s ∈ [0, R] such that
sw ∈Wi and |tv − sw| < ε/3L, in particular |t− s| < ε/3L ≤ ε/3. Now Lemma 11.1 implies
that dM (fi ◦ cv(t), fi ◦ cw(s)) < ε/3 + ηi. Next we use Corollary 9.13 and Lemma 9.14 to
conclude that for sufficiently large i ∈ N we have di(cv(t), cw(t)) < ε/2 + ηi, and hence,
di(cv(t), cw(s)) <
5ε
6 + ηi. Since cv(t) = q and cw(s) ∈ expFipi (Wi), this proves that expFipi (Wi)
is ε-dense in Ci(R) for all sufficiently large i ∈ N.
Now the compactness criterion on p. 64 of [8] yields a proper, pointed metric space (Y, y0)
such that a subsequence of the sequence (Fi, pi) converges to (Y, y0) with respect to pointed
Gromov-Hausdorff convergence. Here a metric space Y is called proper if the compact
subsets of Y are precisely the closed and bounded subsets of Y . Since the intrinsic metric
balls B(pi, r) are connected one easily concludes that Y is connected.
We want to show that a subsequence of the fi converges to a map f : Y → M . For this we
need a variant of the Arzela`-Ascoli theorem that includes the situation when the domains of
the maps converge in the Gromov-Hausdorff sense. Since we could not find an appropriate
statement in the literature we include its simple proof. We consider the following situation.
We have a sequence of pointed, proper metric spaces (Xi, x
0
i , d
i) converging to (Y, y0, d
Y ) in
the pointed Gromov-Hausdorff sense, and a compact metric space Z. A sequence of maps
gi : Xi → Z is called equicontinuous if for every r > 0 and for every ε > 0 there exists δ > 0
such that dz(gi(x), gi(x
′)) < ε holds whenever i ∈ N, x, x′ ∈ B(xi, r) ⊆ Xi and di(x, x′) < δ.
From the definition of pointed Gromov-Hausdorff convergence we obtain a sequence of metrics
δi on the disjoint union Xi ∪ Y and a sequence εi ↓ 0 with the following properties (a) and
(b).
(a) The inclusions (Xi, d
i)→ (Xi ∪ Y, δi) and (Y, dY )→ (Xi ∪ Y, δi) are isometric.
34
(b) For every r > 0 and every ε > 0 the following holds for almost all i ∈ N : δi(x0i , y0) < ε,
and B(x0i , r) is contained in the ε-neighborhood of Y , and B(y0, r) is contained in the
ε-neighborhood of Xi (both neighborhoods with respect to δi).
To define convergence of maps from Xi to Z to a map Y → Z we fix a sequence of metrics
δi satisfying (a) and (b). Then we define that a sequence xi ∈ Xi converges to y ∈ Y if
limi→∞ δi(xi, y) = 0, and that a sequence gi : Xi → Z converges to g : Y → Z if lim gi(xi) =
g(y) whenever the sequence xi ∈ Xi converges to y ∈ Y .
For future reference we note the following consequences of this definition.
If xi resp. x
′
i in Xi converge to y resp. y
′ in Y , then lim
i→∞
di(xi, x
′
i) = d
Y (y, y′).(11.2)
Every sequence xi ∈ Xi with lim sup
i→∞
di(x0i , xi) <∞(11.3)
contains a subsequence converging to some y ∈ Y.
Now we are in the position to prove the following variant of the Arzela`-Ascoli theorem.
Proposition 11.3 Every equicontinuous sequence of maps gi : Xi → Z has a subsequence
that converges to a continuous map g : Y → Z.
Proof: We modify the usual proof of the Arzela`-Ascoli theorem as follows. Since Y is
a proper metric space we can choose a countable, dense subset D = {ym|m ∈ N} of Y .
According to (b) we can find, for every m ∈ N, a sequence xmi ∈ Xi that converges to ym, i. e.
limi→∞ δi(x
m
i , ym) = 0. We fix such a sequence x
m
i for everym ∈ N. Using the compactness of
Z and the usual diagonal sequence argument we can find a strictly increasing map ϕ : N→ N
such that the sequences (gϕ(i)(x
m
ϕ(i)))i∈N converge in Z for every m ∈ N. We define g˜ : D → Z
by g˜(ym) = limi→∞ gϕ(i)(x
m
ϕ(i)). Then the equicontinuity of the sequence gi implies that g˜ is
uniformly continuous on D∩B(y0, r) for every r > 0. Hence g˜ admits a continuous extension
g : Y → Z, and the usual arguments show that the sequence gϕ(i) : Xϕ(i) → Z converges to
g.
Since the maps fi : (Fi, d
i) → (M,dM ) are distance-nonincreasing we can apply Proposition
11.3 to find a subsequence of the fi that converges to a limiting map f : Y →M . According
to Theorem 10.5 we have f(Y ) ⊆ πG(N), where N = NE denotes the leaf of L through E.
Moreover, we can use Corollary 9.13 to conclude:
(11.4) If y, y′ ∈ Y and dY (y, y′) < r
6
, then dY (y, y′) = dM
(
f(y), f(y′)
)
.
On the leaf N we consider the distance function dN induced by the complete Riemannian
metric (πG|N)∗g. Since πG|N is totally geodesic and r is smaller than the injectivity radius
of M , we have the following obvious fact.
For every E′ ∈ N the map πG|N(E′, r) is an isometry from the metric ball
N(E′, r) with center E′ and radius r in (N, dN ) onto the totally geodesic surface(11.5)
NE
′
(r) with metric dM .
Now we can prove that the map f : Y → πG(N) ⊆ M can be lifted to a covering map
f˜ : Y → N .
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Proposition 11.4 There exists a map f˜ : (Y, dY )→ (N, dN ) such that πG ◦ f˜ = f and such
that, for every y ∈ Y , f˜ |BY (y, r6 ) is an isometry from the metric ball BY (y, r6) in (Y, dY )
onto the metric ball N(f˜(y), r6 ) in (N, d
N ). In particular, f˜ is a covering map.
Proof: We start by explaining how f˜(y) is defined given y ∈ Y . According to Proposition
9.12 we can find a sequence qi ∈ Fi converging to y such that the hypotheses (8.3)–(8.5) in
Theorem 9.6 are satisfied. So, for every ̺ ∈ (0, r6), the sequence of compact sets fi(B(qi, ̺))
in M converge to NEq(̺) = {cw(t)|w ∈ Eq, |w| ≤ ̺}, where Eq = limi→∞ dfi(TqiFi) ∈ N .
Recall that NEq(̺) is the closed metric ball with center q and radius ̺ in the two-dimensional,
totally geodesic submanifold NEq(r) with the metric dM . Next we will prove:
(11.6) f(B(y, ̺)) = NEq (̺).
Indeed, if y′ ∈ B(y, ̺) then there exists a sequence xi ∈ Fi converging to y′, and (11.2) implies
that xi ∈ B(qi, ̺) for almost all i ∈ N. Since the fi(B(qi, ̺)) converge to NEq(̺) we can
conclude that f(y′) = lim fi(xi) ∈ NEq(̺). On the other hand, the convergence of fi(B(qi, ̺))
toNEq(̺) shows also that every q′ ∈ NEq(̺) is the limit of a sequence fi(xi) with xi ∈ B(qi, ̺).
Then the sequence di(pi, xi) ≤ di(pi, qi) + ̺ is bounded since limi→∞ di(pi, qi) = dY (y0, y) by
(11.2). So, by (11.3), the sequence xi contains a subsequence converging to some y
′ ∈ Y , and,
consequently, we have f(y′) = lim fi(xi) = q
′. Moreover, (11.2) implies that dY (y, y′) ≤ ̺,
so that we can use (11.4) to see that actually dY (y, y′) = dM (q, q′) < ̺. Hence we have
y′ ∈ B(y, ̺) and f(y′) = q′. This concludes the proof of (11.6). Now (11.6) implies that Eq is
uniquely determined by y, so that we can define f˜(y) = Eq. Since πG(Eq) = q = lim fi(qi) =
f(y), we have πG ◦ f˜ = f . Next we show that f˜ |B(y, r6) ⊆ N(f˜(y), r6 ) holds for all y ∈ Y .
Indeed, for y′ ∈ B(y, r6) set ̺′ = r6 − dY (y, y′) ∈ (0, r6). Then we have B(y′, ̺′) ⊆ B(y, r6),
and hence N f˜(y
′)(̺′) ⊆ N f˜(y)( r6), by (11.6). This implies f˜(y′) ⊆ N(f˜(y), r6), as claimed.
Now we can use (11.5) to conclude that f˜ |B(y, r6) = (πG|N(f˜(y), r6))−1 ◦ (f |B(y, r6)), and
(11.4)–(11.6) imply that f˜ |B(y, r6) is an isometry from B(y, r6) onto N(f˜(y), r6) with respect
to the metrics dY on B(y, r6) and d
N on N(f˜(y), r6). Since N is connected this implies that
f˜ is a covering map.
Theorem 11.5 In addition to the assumptions of Theorem 10.3 assume that the Fi are
connected and limi→∞ vol
i
2(Fi) = ∞, and let L be a lamination as constructed in Theorem
10.3. Then L does not contain any compact leaf with finite fundamental group.
Proof: The lamination L is constructed by choosing a subsequence of the Fi, called Fi
again, with a principal sequence pi ∈ Fi. Then L is a 2-dimensional lamination structure
on the closure S ⊆ G2M of the set NE = {Ecv(t)|v ∈ SE, t ≥ 0} and NE is the leaf of L
through E = limi→∞ dfi(TpiFi). Choosing a subsequence again, we may assume that the
sequence of pointed metric spaces (Fi, pi) converges to a connected, pointed metric space
(Y, y0). Now Proposition 11.4 provides a covering map f˜ : Y → NE. If NE is compact with
finite fundamental group then Y is compact, in particular Y has finite diameter. This implies
that the diameters of the Fi are finally bounded, say diam(Fi) ≤ D <∞ for all i ≥ i0. Now
we can use Corollary 6.2 to conclude that for i ≥ i0
voli2(Fi) ≤
1
−k (2π +
∫
Fi
|Ai|2 dvoli2)
(
cosh(
√−kD)− 1).
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This contradicts our assumptions limi→∞ vol
i
2(Fi) = ∞ and limi→∞〈|Ai|2〉 = 0. Hence, in
fact, NE is not compact with finite fundamental group. Finally, ifN 6= NE is a compact leaf of
L with finite fundamental group, then we obtain a contradiction to G.Reeb’s result from [21],
see also [9], Theorem 2.1.8. Here one has to admit that [21] does not literally apply, since [21]
treats foliations, not laminations. However, the proof carries over to laminations. Actually,
the arguments given in this section can easily be seen to prove that L does not contain a
compact leaf N 6= NE with finite fundamental group. Indeed, consider the constant sequence
Fi = NE , fi = πG|NE and a sequence pi ∈ NE with lim pi = p ∈ N . As above, one concludes
that diam(NE) is finite so that NE is compact, in contradiction to N ⊆ N¯E = S and N 6= NE .
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